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Aggressive Maneuver Regulation
of a Quadrotor UAV
Sara Spedicato, Giuseppe Notarstefano, Heinrich H. Bülthoff, and Antonio Franchi
Abstract In this paper we design a nonlinear controller for aggressive maneuvering of a quadrotor. We take a maneuver regulation perspective. Differently from the classical trajectory tracking
approach, maneuver regulation does not require following a timed reference state, but a geometric
“path” with a velocity (and possibly orientation) profile assigned on it. The proposed controller relies on three main ideas. Given a desired maneuver, i.e., a set of state trajectories equivalent under
time translations, the system dynamics is decomposed into dynamics longitudinal and transverse
to the maneuver. A space-dependent version of the transverse dynamics is derived, by using the
longitudinal state, i.e., the arc-length of the path, as an independent variable. Then the controller
is obtained as a function of the arc-length consisting of two terms: a feedforward term, being the
nominal input to apply when on the path at the current arc-length, and a feedback term exponentially stabilizing the state-dependent transverse dynamics. Numerical computations are presented
to prove the effectiveness of the proposed strategy. The controller performances are tested in presence of uncertainty of the model parameters and input noise and saturations. The controller is also
tested in a realistic simulation environment validated against an experimental test-bed.

1 Introduction
In the recent years, the steadily growing number of applications involving Unmanned Aerial Vehicles (UAVs), as quadrotors, has raised attention on the execution
of precise aggressive motions. This is, in fact, a fundamental requirement in several
(complex) tasks. The classical approaches used in the literature to perform such
motions fall into the categories of trajectory tracking and path following methods.
Trajectory tracking techniques, aim at limiting the error between the actual system
state and the desired state at a specified time. The system state includes position,
orientation, and linear and angular velocities. Whenever an exogenous disturb (e.g.,
wind) forces the robot to momentarily lag behind the “moving reference” of the
desired trajectory, then undesired phenomena are likely to arise, such as: (i) huge
peaks of acceleration and (ii) a poor geometric tracking of the planned path that
may lead to collisions with the surrounding world.
In order to highlight this last sensitive issue, let us consider the example depicted
in Fig. 1. A quadrotor has to fly around an obstacle tracking a given planned trajectory, which is specified as a desired state at each time t. At t = t1 strong opposing
wind significantly decelerates the actual motion of the quadrotor for a few seconds.
When the wind ceases, at t = t3 , the quadrotor recovers the full control of its motion
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Fig. 1: Example of an undesired phenomenon arising using trajectory tracking.

and tries to quickly catch up with the moving desired state that is now on the other
side of the obstacle, thus dramatically crashing into it.
These drawbacks do not arise in classical path following techniques, whose objective is to have the system position follow a geometric path without a predefined
time scheduling. Since a pre-defined timing law on the path is not given, these methods consider a tracking error between the current robot position and the set of positions on the entire geometric path; while orientation, linear and angular velocities
are not usually taken into account. Classical path following techniques are able to
avoid undesired phenomena as the one described above. However, they can only
drive the center of mass of the UAV along the path without ensuring a desired orientation and velocity profile along it.
To overcome the drawbacks that affect both these two techniques, we deal with
an extended version of the path following, called maneuver regulation, that aims
at satisfying additional requirements (such as assigning orientation, linear velocity,
and angular velocity on the path).
We organize the literature on quadrotor controllers in two parts. First, a vast
number of trajectory tracking techniques for quadrotors have been proposed. In [1]
a dynamic feedback controller, which renders the system linear and controllable,
has been developed. In [2] a full backstepping technique is presented, based on a
decomposition of the dynamic model into an underactuated subsystem, and a fullyactuated subsystem. A geometric tracking control is presented in [3]. The nonlinear tracking controller is developed on the special Euclidean group SE(3) and it is
shown to have desirable closed loop properties that are almost global. The trajectory
tracking controller in [3] has been successfully implemented in [4] to perform fast
aerobatic maneuvers without exogenous disturbances and precise measures from an
external motion capture system (aerobatic maneuvering is also addressed, for autonomous helicopters, in [5, 6]). A sliding mode controller is proposed in [7] in
order to stabilize the quadrotor model as a class of cascaded under-actuated systems. In [8], an underactuated nonlinear H∞ controller based on the six degrees of
freedom dynamic quadrotor model is designed to control the attitude and altitude in
an inner-loop. The outer-loop control is performed using a model-based predictive
controller to track the reference trajectory. Finally a trajectory tracker based on a
linear quadratic regulator (LQR) is proposed in [9].
Second, only recently, extended path following techniques for quadrotors have
been presented. In [10] the problem is solved by means of a backstepping technique.
In [11] the problem is addressed as the stabilization of the zero dynamics for a
nonlinear control system and solved using input-output feedback linearization on an
augmented quadrotor system. The technique is refined in [12] with the objective of
executing a more general class of paths “in a more general manner”. The definition
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of the position error as the distance between the actual quadrotor position and the
desired path is used in [13], where a “commanded acceleration” is computed using
a PD feedback of the position and velocity errors.
The first and main contribution of the paper is the design of a maneuver regulation controller for aggressive maneuvering of a quadrotor on a three-dimensional
path with assigned orientation and velocity profiles along it. The control strategy,
inspired to the one proposed in [14] for a motorcycle on a bi-dimensional path, is
based on the idea of transverse linearization of the dynamic system. Given a desired trajectory, the system dynamics is rewritten in terms of a longitudinal and a
transverse dynamics. The new system states are the arc-length s and a set of transverse coordinates w(s) (defined by means of an appropriate distance between the
current state and the desired trajectory states). Differently from the (extended) path
following approaches in [10, 11, 12], we consider a space-dependent version of the
transverse dynamics. That is, we derive a differential equation in which the arclength s is the independent variable, so that the transverse linearization is obtained
by linearizing such a space-dependent dynamics. By solving an infinite-horizon linear quadratic regulator optimal control problem, the (space-dependent) transverse
dynamics linearization can be exponentially stabilized (under standard controllability assumptions). Thus, the quadrotor maneuver regulation controller is a function
of the arc-length s: a feedforward term being the desired input for the given s, plus
a feedback K(s)w(s) to stabilize the (space-dependent) transverse dynamics. Notably, although the feedback is linear as a function of the arc-length, it turns to be a
nonlinear feedback of the original system state in the time-domain as s(t) = s(x(t)).
As second contribution, and preliminary step for experimental tests, we test our
maneuver regulation controller on a physical quadrotor simulator, in order to show
the performances of the proposed maneuver regulation controller in a realistic simulation scenario. Furthermore, we perform numerical computations under uncertainties on the model parameters and input noise and saturations. The computations
show how the controller well behaves in performing a fairly aggressive maneuver
as a barrel roll. In fact, we verified that even if the design is executed with some
nominal inertial parameters the controller is able to adapt the control effort depending to the actual inertia and to maintain the system stability even if the severe input
saturation and noise do not allow a perfect tracking of the desired maneuver.
Compared to the other extended path following approaches designed for a
quadrotor, [10, 11, 12], our maneuver regulation controller has three key differences. First, the other schemes only ensure the distance from the path and the error
on the yaw angle to converge to zero. The resulting roll and pitch angle, although
stable, cannot be assigned a priori, so that problems could arise for example in narrow passageways. Second, the scheme does not rely on structural properties of the
simplified quadrotor model as, e.g., flatness or non-minimum-phase-ness. Thus, it
can be applied also to more complex (possibly non-minimum phase) models. Third,
the proposed maneuver regulation scheme can be decoupled into a slow time-scale
block and a realtime one. The desired trajectory and the feedback gains can be computed in a slow time-scale. In particular, the desired trajectory can be computed by
using trajectory optimization techniques as the ones proposed in [15, 16]. The online computation only requires the calculation of the scheduled arc-length and the
application of the feedback gain. Due to this structure, the proposed controller can
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be seen as a preliminary step toward the development of a receding-horizon scheme
involving both trajectory generation and regulation in a coupled scheme.
The paper is organized as follows. In Section 2 the quadrotor model and the
maneuver regulation problem are introduced. Section 3 addresses the design of the
maneuver regulation controller for the quadrotor. Finally, in Section 4 numerical
computations and physical simulations are provided in order to prove the effectiveness of the LQR based controller under parameters uncertainty and input saturation.

2 Quadrotor model and the maneuver regulation problem
In this section we present the standard quadrotor model that is instrumental to formally define the maneuver regulation problem and the proposed controller.
In the following we denote vectors using bold small symbols and matrices using
capital letters. Given an inertial reference frame (with x-y-z axes oriented in a NorthEast-Down fashion) and a body reference frame attached to the quadrotor center of
mass (with x-y-z axes oriented in a forward-right-down fashion), let p ∈ R3 be the
position vector from the origin of the inertial frame to the origin of the body frame,
expressed in the inertial frame. The orientation of the body frame with respect to
the inertial frame is denoted by the rotation matrix R ∈ SO(3), which maps vectors
in the body frame into vectors in the inertial frame. Let v ∈ R3 and ω ∈ R3 denote
respectively the linear and angular velocities expressed in the body frame.
The quadrotor is driven by four forces and torques produced by the four propellers. Each thrust force is directed along the body z-axis but pointing in the negative direction. The thrust forces produce the torques γ1 and γ2 around the body x-axis
and y-axis respectively. A torque γ3 around the z-axis is produced by the reaction
moments acting on the propellers. The sum of the thrust forces is denoted by f and
the torques vector is denoted by γ = (γ1 γ2 γ3 )T .
The standard quadrotor model, see, e.g., [17], is
ṗ = Rvv

(1)
T

mv̇v̇ = −mΩvv + mgR e 3 − f e 3

(2)

Ṙ = RΩ
ω +γγ
Jω̇ = −Ω Jω

(3)
(4)

where m is the quadrotor mass, J = diag( jx , jy , jz ) is the inertia matrix, g is the gravity constant, Ω is the screw-symmetric matrix associated with ω and e 3 = (0 0 1)T .
We choose to parameterize the rotation matrix R by roll-pitch-yaw angles1 . From
the inertial reference frame the first rotation is taken around the z-axis by the yaw
angle ψ. The coordinate system is then rotated around the new y-axis by the pitch
angle θ and finally rotated about the new x-axis by the roll angle ϕ. The rotation
matrix is thus

1

This parametrization of R, largely used in the literature, has a singularity when the pitch angle
reaches π/2. However, the proposed techniques can be developed for any other parametrization.
Thus, given the desired maneuver, the best suited parametrization can be used to avoid singularities.
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R=

cψcθ −sψcϕ + cψsθ sϕ sψsϕ + cψsθ cϕ
sψcθ cψcϕ + sψsθ sϕ −sϕcψ + sψsθ cϕ
−sθ
sϕcθ
cθ cϕ

!
,

(5)

where for a generic angle φ we define cφ := cos(φ ) and sφ := sin(φ ).
Let us define p = (p1 p2 p3 )T , v = (v1 v2 v3 )T and ω = (p q r)T . Using the
roll-pitch-yaw parametrization equations (1-4) are
= cψcθ v1 + (−sψcϕ + cψsθ sϕ)v2 + (sψsϕ + cψsθ cϕ)v3
= sψcθ v1 + (cψcϕ + sψsθ sϕ)v2 + (−sϕcψ + sψsθ cϕ)v3
= −sθ v1 + sϕcθ v2 + cθ cϕv3
= p + qsϕ tan θ + rcϕ tan θ
= qcϕ − rsϕ
1
1
ψ̇ = qsϕ
+ rcϕ
cθ
cθ
v̇1 = rv2 − qv3 − gsθ
v̇2 = −rv1 + pv3 + gsϕcθ
f
v̇3 = qv1 − pv2 + gcθ cϕ −
m
jy − jz
γ1
ṗ = qr(
)+
jx
jx
jz − jx
γ2
q̇ = pr(
)+
jy
jy
jx − jy
γ3
ṙ = pq(
)+
jz
jz

ṗ1
ṗ2
ṗ3
ϕ̇
θ̇

(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)

The equations (6-17) represent a nonlinear, time-invariant control system of the form
ẋx(t) = f (xx(t), u (t))
y (t) = h(xx(t))

(18)
(19)

with state x = (p1 p2 p3 ϕ θ ψ v1 v2 v3 p q r)T ∈ R12 , input u = ( f γ1 γ2 γ3 )T ∈ R4
and output y = (p1 p2 p3 )T ∈ R3 . The equation (18) can be also written in scalar
form as
ẋi (t) = fi (xx(t), u (t)), ∀i = 1, ..., 12,
where xi is the i-th component of x and fi (·) is the scalar i-th component of the
vector function f (·).
Given the quadrotor model, we can formalize the maneuver regulation task that
we want to solve. In the approach we propose in this paper, we can decouple the
task into two parts: (i) generation of a desired, or nominal, (state-control) trajectory,
and (ii) regulation of the corresponding desired maneuver.
Although in this paper we focus on the regulation sub-task (ii), we briefly describe the whole task. Usually, to accomplish a complex mission, the quadrotor is
required to follow a given three-dimensional path and, maybe, satisfy some (soft)
constraints on the orientation (e.g., because it has to traverse a narrow passageway).
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The trajectory generation sub-task (i) is the following. We suppose that a suitable
output curve is assigned by the mission to satisfy some geometric constraints. A reasonable choice of output curve for the quadrotor is y ξ (t) = (p1ξ (t) p2ξ (t) p3ξ (t))T ,
t ≥ 0. The use of the subscript ξ will be clear in the next lines. We say that an output
curve yξ (·) is admissible, if there exists a state-control trajectory ξ = (xxξ (·), uξ (·)),
such that
ẋxξ (t) = f (xxξ (t), u ξ (t)), y ξ (t) = h(xxξ (t))
for all t ≥ 0, kẏyξ (·)k is bounded away from zero and kÿyξ (·)k is bounded.
State-control trajectories for the standard quadrotor model used in this paper can
be generated by exploiting its differential flatness. For more general models or in
case state and input constraints need to be explicitly taken into account in the desire
trajectory generation, nonlinear optimal control based trajectory-generation techniques, as the ones developed in [15, 16], may be used.
Given a desired (state-control) trajectory (xxξ (·), u ξ (·)), we define a maneuver
[xxξ , u ξ ] as the set of all the trajectories equivalent under time translation to the
trajectory (xxξ (·), u ξ (·)). Given a trajectory (x̃xξ (·), ũuξ (·)) of f (·), we say that it is
equivalent to (xxξ (·), u ξ (·)) under time translation if and only if there exists ∆ ∈ R,
such that x̃xξ (t) = x ξ (t + ∆ ) and ũuξ (t) = u ξ (t + ∆ ), ∀t ≥ 0.
We are now ready to formally define the maneuver regulation problem.
Maneuver regulation problem Let an output y ξ (·) and an associated maneuver
[xxξ , u ξ ] of the quadrotor be given. Find a feedback control law u = k(x; [xxξ , u ξ ]) that
exponentially stabilizes the maneuver [xxξ , u ξ ], i.e. such that there exist ∆ , k, λ > 0
such that
lim ||x(t) − x ξ (t + ∆ )|| ≤ ke−λt .
t→∞

Remark 1. From the above definition it is clear why the maneuver regulation task
protects from dangerous situations as the one described in Fig. 1. Indeed, for the
task to be accomplished the quadrotor is not required to catch up a reference on the
desired maneuver. In the specific scenario, when the quadrotor regains control after
the disturbance has ceased, it can track a time-translated trajectory belonging to the
same maneuver, whose initial condition is close to the current quadrotor state, thus
avoiding to fall into the obstacle.


3 Transverse linearization based maneuver regulation controller
In order to exponentially stabilize a desired maneuver, rather than a trajectory, we
seek a controller scheduled by points on the desired output, rather than by the time.
As a first step, we rewrite the quadrotor dynamics in terms of a longitudinal and a
transverse dynamics.
The longitudinal dynamics describes the evolution of the system position along
the curve, while the transverse dynamics describes the evolution of a suitable error
between the actual state and the desired one at the current longitudinal coordinate.
We start by parametrizing the (admissible) output curve in terms of the arc-length
+
σξ : R+
0 → R0 , defined as
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σξ (t) =

Z tq
0

ṗ21ξ (τ) + ṗ22ξ (τ) + ṗ23ξ (τ) dτ, ∀t ≥ 0.

(20)

+
Defining the inverse of σξ (·) as the function t¯ξ : R+
0 → R0 , the output, parametrized
using the arc-length, is ȳyξ (σ ) = y ξ (t¯ξ (σ )). We shall denote the σ -parametrized
curves with a bar, and the derivatives with respect to the coordinate σ with a prime
symbol.
We parameterize the position of the quadrotor center of mass y = (p1 p2 p3 )T in
a tubular neighborhood of ȳyξ (·) using a set of coordinates (s, w1 , w2 ) ∈ R × R × R.
In order to do this, we construct a locally invertible function φ : R3 → R × R × R
such that
(s, w1 , w2 ) = φ (yy),
(21)

with φi , i ∈ {1, 2, 3}, the i-th scalar component of the vector function φ (·), and such
that φ (ȳyξ (s)) = (s, 0, 0). We choose s to be the arc-length identifying the point on
the desired path at minimum distance from the quadrotor center of mass. The coordinates w1 and w2 express the distance between the quadrotor center of mass and
the point on ȳyξ (·) identified by s.
Consistently, the first component of φ (·) is defined as
φ1 (yy) := arg min kyy − ȳyξ (σ )k2 .
σ ∈R

The minimizing s is unique provided that ȳyξ (·) is locally a non-intersecting C2 curve
with non-vanishing ȳy0ξ (·) and that y (t) is close to ȳyξ (·) for all t. In order to construct
the other components of φ (·), let us consider the Serret-Frenet frame, which origin
→
−
→
−
−
has ȳyξ (s) as coordinates, defined by the basis { t (s), →
n (s), b (s)}. The vectors
→
−
→
− →
t ,−
n , b are respectively the tangent, normal and bi-normal vectors and they are
defined, with components in the inertial frame, as t̄t (s) := ȳy0ξ (s), n̄n(s) := ȳy00ξ (s)/k̄(s),
b̄b(s) := t̄t (s) × n̄n(s), where k̄(s) := kȳy00ξ (s)k is the curvature of ȳyξ (·) at s. The position
of the quadrotor center of mass y can be written as
y = ȳyξ (s) + R̄SF (s)dd ,

(22)

where the rotation matrix R̄SF = (t̄t n̄n b̄b) maps vectors with components in the SerretFrenet frame into vectors with components in the world inertial frame and d :=
(0 w1 w2 )T is the vector from the origin of the Serret-Frenet frame to the origin of
the body frame, with components in the Serret-Frenet frame. Using the equation
(22), we define the remaining components of the function φ (·) as
φ2 (yy) := n̄n(s)T (yy − ȳyξ (s)),
T

φ3 (yy) := b̄b(s) (yy − ȳyξ (s)).

(23)
(24)

With the function φ (·) in hand, we can provide a change of coordinates from
the state x to the coordinates (s, w ), where s ∈ R is the longitudinal coordinate and
w ∈ R11 is the vector of transverse coordinates with i-th transverse coordinate, i ∈
{1, . . . , 11}, denoted by wi . The longitudinal and transverse coordinates as function
Preprint version

7

16th ISRR (2013)

Preprint version

16th ISRR, Singapore (2013)

of the system state are defined as
s := φ1 (h(xx)),

w3 := ϕ − ϕ̄ξ (s),

w6 := v1 − v̄1ξ (s),

w9 := p − p̄ξ (s),

w1 := φ2 (h(xx)),

w4 := θ − θ̄ξ (s),

w7 := v2 − v̄2ξ (s),

w10 := q − q̄ξ (s),

w2 := φ3 (h(xx)),

w5 := ψ − ψ̄ξ (s),

w8 := v3 − v̄3ξ (s),

w11 := r − r̄ξ (s).

Furthermore, we define
u w := u − ūuξ (s),
fw := f − f¯ξ (s),

γ1w := γ1 − γ̄1ξ (s),

(25)

γ2w := γ2 − γ̄2ξ (s),
γ3w := γ3 − γ̄3ξ (s).

The change of coordinates is used in order to write the standard quadrotor system
(6-17) in (s, w ) coordinates. Deriving (22) with respect to time we have
ẏy = ȳy0ξ ṡ + R̄0SF ṡ d + R̄SF ḋd .

(26)

Further on, for simplicity of notation, the dependency by s is omitted and all the bar
terms are evaluated with respect to s. The term on the left side of equation (26) is
ẏy = Rvv,

(27)

according to the definition of y and the equation (1). The first term on the right side
is
ȳy0ξ ṡ = R̄SF [ṡ 0 0]T
(28)
according to the definition of the tangent vector t̄t . Furthermore we have


0 −k̄ṡ 0
R̄0SF ṡ = R̄SF  k̄ṡ 0 −τ̄ ṡ  ,
0 τ̄ ṡ 0

(29)

0

where τ̄ := n̄nb̄b is the torsion of ȳyξ (·) at s. The expression (29) can be derived from
0
the Serret-Frenet formulas [18] t̄t 0 = k̄n̄n, n̄n0 = −k̄t̄t + τ̄ b̄b, b̄b = −τ̄ n̄n, using the definition of R̄SF . Multiplying both sizes of the equation (26) times R̄TSF , using (27),
(28), (29) and the coordinate transformation from x to (s, w ), we obtain
ṡ = t̄t T Rvv/(1 − k̄w1 ),
ẇ1 = n̄nT Rvv + τ̄ ṡw2 ,
T
ẇ2 = b̄b Rvv − τ̄ ṡw1 ,

(30)

where v = [(w6 + v̄1ξ ) (w7 + v̄2ξ ) (w8 + v̄3ξ )]T and R is given by (5) with ϕ = w3 +
ϕ̄ξ , θ = w4 + θ̄ξ and ψ = w5 + ψ̄ξ . The equations (30) are equivalent to the equations
(6-8) but they are only functions of the longitudinal coordinate s, the transverse
coordinates w1 , w2 and the state trajectory x̄xξ (·). Furthermore, the equations (9-17)
can be expressed as function of s, w and x̄xξ (·), using the coordinate transformation
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from x to (s, w ) and equations (25). Taking the time derivative of xi = wi−1 + x̄iξ ,
the equations ẋi = fi (xx, u ) can be written as
0
ṡ,
ẇi−1 = fi (x̄xξ r + w r , u w + ūuξ ) − x̄iξ

∀i = 4, ...12,

(31)

where x̄xξ r is the vector containing from the 4-th to the 12-th component of x̄xξ and
w r is the vector containing from the 3-rd to the 11-th component of w .
The system (30-31) can be expressed in a form such that the independent variable
is the longitudinal coordinate s, rather than the time t. We parameterize the transverse coordinates using s, i.e., wi (t) = w̄i , ∀i = 1, ..., 11, and by using the chain rule,
we compute the time derivatives of the transverse coordinates as ẇi = w̄0i ṡ. Thus,
equations (30-31) can be written as the transverse dynamic system
w̄01 = (n̄nT Rvv)/ṡ + τ̄ w̄2 ,
T
w̄02 = (b̄b Rvv)/ṡ − τ̄ w̄1 ,
0 ,
wr ), ūuw + ūuξ )/ṡ − x̄iξ
w̄0i−1 = fi (x̄xξ r + w̄

(32)
∀i = 4, ...12,

where ṡ = t̄t T Rvv/(1 − k̄w̄1 ), v = [(w̄6 + v̄1ξ ) (w̄7 + v̄2ξ ) (w̄8 + v̄3ξ )]T and R is given
by (5) with ϕ = w̄3 + ϕ̄ξ , θ = w̄4 + θ̄ξ and ψ = w̄5 + ψ̄ξ .
w ∈ R11 and input
The system (32) is a nonlinear control system with state w̄
ūuw ∈ R4 , for which s-varing control laws can be developed in order to regulate the
w to zero. We compute such control law solving a linear quadratic
transverse state w̄
regulator (LQR) problem.
Let us consider the transverse linearization
w0 = ĀT (s)w̄
w + B̄T (s)ūuw ,
w̄
i.e., the linearization of the transverse dynamic system (32). We design a feedback
matrix K̄(·) that asymptotically stabilizes the transverse linearization by solving a
linear quadratic regulator problem. If the transverse linearization is exponentially
w, then the nonlinear
stabilized by an s-varing linear state feedback, ūuw = −K̄(s)w̄
feedback
w
u = ūuξ (s) − K̄(s)w
(33)
exponentially stabilizes the maneuver [xxξ ] for (6-17) [14].
The controller in (33) can be rewritten by exploiting the dependence of s from
the system output (s = φ1 (yy)) as
w.
u = ūuξ (φ1 (yy)) − K̄(φ1 (yy))w
The above expression highlights the nonlinear feedback structure of the proposed
maneuver regulation controller. In particular, the feedforward term and the feedback
matrix are nonlinear functions of the system state (the output portion).
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Fig. 2: (a) Values of the inertia matrices, used to perform the Monte Carlo simulation. The blue,
red and green markers represent the terms jx , jy , yz , respectively. (b), (c) Closed loop trajectories
for the different values of inertia matrices.

4 Numerical validation
This section provides two groups of simulations that are meant to be a preliminary
step for experimental tests. The first group objective is to test the performance and
robustness in the stabilization of an aggressive maneuver in presence of error in the
initial conditions and uncertainty in the inertia matrix parameters; while the goal
of the second group is to test the robustness on the same maneuver with respect to
noise and saturation of the four propellers forces.
For both groups, we choose a barrel roll maneuver in the p2 − p3 plane with a
constant velocity profile for which the quadrotor is subject to “significant” accelerations. The quadrotor center of mass is required to move along a circle of diameter
d = 3 m at a speed v = 8 m/s. The desired maneuver is designed so that the roll angle ϕ goes from 0 deg to 360 deg (i.e., the quadrotor performs a complete flip). As
a reference for the nominal inertial parameters of the model we used the data-sheet
values of the customized MK-Quadro2 that is described in [19], i.e., m = 0.749 kg,
jx = 0.0176 kg m2 , jy = 0.0177 kg m2 , jz = 0.034 kg m2 .
In the first group of simulations we conduct a Monte Carlo analysis aimed at testing the robustness against imperfect initial conditions and inertial parameters. The
desired barrel roll path is represented with a blue curve in Figs. 2b and 2c. In all the
25 + 1 simulations of this first group the quadrotor starts 1.04 m distant from the
nominal initial position, outside the p2 − p3 plane. In particular, each component of
the position vector is perturbed respectively of 0.60 m from the nominal one. We
opted for using the nominal mass of the MK-Quadro in every simulation. The rea2

www.mikrokopter.de
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son is that in real applications the quadrotor mass is easily computable with high
accuracy and reliability either using a scale or through simple hovering calibration.
On the other hand, calibration of the inertia matrix requires a sophisticated measurement equipment and can easy become outdated if the geometrical configuration
of the internal masses changes over time, e.g., whenever the battery is mounted in
a slightly different place. In real applications, this is equivalent to have a random
noise on the nominal parameters. In one simulation we used the nominal values for
jx , jy , jz while in each of the other 25 we used a different quadrotor model with set
of values for jx , jy , jz obtained by randomly perturbing the nominal values according to a normal distribution where the standard deviation is 0.0102
kg m2 (i.e., 95%
3
of the samples are within ( jx ± jz , jy ± jz , jz ± jz ) being jz the maximum among
jx , jy , jz ). Notice that we still consider negligible the off-diagonal terms of the matrix w.r.t. the diagonal ones, which is a reasonable assumption in practice. The 25
normally distributed samples of the 3 diagonal inertia coefficients are represented
in Fig. 2a, where the blue, red and green markers represent the perturbed terms jx ,
jy , jz , respectively. The nominal values are instead represented with 3 horizontal
lines (notice that jx and jy are almost overlapping). In each of the 25 + 1 simulations the maneuver regulation controller defined in (33) employes always the same
ūuξ (s), and K̄(s) that are computed using the nominal values of jx , jy , jz . Notice that
also the desired maneuver is designed considering the nominal value. In this way
we can test the robustness of the controller against model parameter uncertainties.
Finally, the diagonal weight matrices employed in the LQR problem in order to
compute the feedback matrix K̄(·) are Q = diag(100, 100, 9, 9, 9, 10, 10, 10, 3, 3, 3)
w and the input ūuw , respectively.
and R = diag(0.1, 0.1, 1, 0.1) referred to the state w̄
Figure 2c presents the projection, on the p2 − p3 plane, of the desired position trajectory (thick blue curve), the closed loop position trajectory starting from the perturbed initial condition with nominal parameters (thick red curve), and the closed
loop trajectories starting from the perturbed initial condition for all the 25 sets of
perturbed inertial parameters (thin colored curve), which are actually indistinguishable from the red curve. After the initial transient, all the curves quickly converge
to the desired curve right before the actual barrel roll maneuver starts. It is worth
noting that even if the desired task is defined in the p2 − p3 plane, the perturbed
initial condition is taken outside this plane and thus the resulting maneuver involves
the whole dynamics, as can be seen from Fig. 2b.
In Figs. 3a, 3c, and 3e we show the desired roll, pith and yaw angles compared
to ones achieved during the 26 closed loop trajectories (here we use the same color
convention described before). The three components of the (body frame) linear velocities are instead plotted in Figs. 3b, 3e, and 3f, still with the same color convention as before. All the quantities are plotted with respect to the arc-length σ . As
already pointed out, the maneuver regulation, as opposed to classical path following
techniques, is able to satisfy additional constraints like assigning orientation and
linear velocity. In fact, the plots clearly show how, after the transient phase these additional constraints are fulfilled. Robustness with respect to the perturbation of the
model parameters is also manifest from the fact that all the 26 closed-loop trajectories are almost indistinguishable, despite the fact that the inertial parameters differ
from the ones used in the controller design.
Control inputs of the first group of simulations are shown in Fig. 4. Differently
from the plots presented so far, these plots show a different behavior of the torques
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Fig. 3: Attitude angles and velocity components for the Monte Carlo simulation. Thick blue lines
are used for the desired maneuver. Thick red lines are used for closed-loop maneuver with nominal
parameters. All the other lines refer to the closed-loop maneuvers with perturbed parameters.

γ1 ,γ2 , and γ3 across the 26 closed-loop simulations of this group. This happens because the proposed controller automatically adapts to the perturbation of the inertial
parameters in order to track the desired trajectory. For example, the torque γ2 in
Fig. 4c, which is responsible for the flip of the roll, is either smaller or larger in
order to automatically compensate for smaller or larger values of the perturbed jy ,
respectively. Notice how all the thrusts show an almost indistinguishable behavior
instead. This is manly due to the fact that the mass is not perturbed, for the reasons
explained before, across the 26 simulations.
In the second group of simulations we show how the proposed maneuver regulation controller is able to ensure good performances also in case of input noise
and saturations, which are common in real physical systems. In order to further
validate the controller with a realistic simulator we apply the controller on SwarmSimX [20], a quadrotor simulator whose fidelity has been already validated several
times with respect to the test-bed described in [19] (see, e.g., [20] for a numerical comparison between the real quadrotor and the simulated one). We encour-

Preprint version

12

16th ISRR (2013)

Preprint version

16th ISRR, Singapore (2013)

4
40
2
[N m]

[N]

30
20
10
0

0
−2
−4

0

5

10
σ [m]

15

−6

20

0

5

(a) Thrust f

10
σ [m]

15

20

15

20

(b) Torque γ1

6

5

2

[N m]

[N m]

4

0

0

−2
−4

0

5

10
σ [m]

15

−5

20

0

5

(c) Torque γ2

10
σ [m]

(d) Torque γ3

Fig. 4: Control inputs for the Monte Carlo simulation. Thick blue lines are used for the desired
maneuver. Same color convention as in Fig. 3

age the reader to watch the video attachments corresponding to these simulations
at antoniofranchi.com/videos/qcmaneuver.html.
The desired maneuver is the same barrel roll trajectory that has been used before
but with a negligible initial error, since we want to evaluate here the sole effect of
input noise and saturation. As it happens in the real world, we apply the actual noise
and saturations on each single force produced by the 4 propellers. Denoting those
forces with f1p , f2p , f3p , f4p we have the well-known relation [3]:
"f#
γ1
γ2
γ3

"
=

1
0
l
−k

1
−l
0
k

1
0
−l
−k

1
l
0
k

#" fp #
1

f2p
f3p
f4p

(34)

where l is the distance of the propeller from the center of mass and k is a suitable
constant that mainly depends on the propeller shape.
The model parameters used in the simulations are the one of the customized
MK-Quadro, i.e., mass and inertia matrix described before and l=0.30 m. We apply
a Gaussian noise with standard deviation equal to 0.1 N to each propeller. Three
different cases are then considered: (i) no saturation; (ii) 8.5 N saturation, and (iii)
7 N saturation. These values are consistent with the capabilities of the MK-Quadro.
Considering that (see, e.g., Fig. 4a) the barrel roll maneuver needs a 40 N peak of
total thrust (i.e., see (34), 10 N per propeller on average), the chosen saturations
correspond to have about 15% and 30% less than the needed average total thrust.
Figure 5 shows the nominal force (thin black line) and actual forces commanded
to each of the four propellers in the three saturation cases (blue, red, and green
colored lines, respectively). Presence of noise and saturation is clear form the plots.
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Fig. 5: Effect of the noise and saturation on the force produced by each propeller.
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Fig. 6: Effect of the force/torque saturation of each propeller on the actual trajectory.

Figure 6 shows the projection on the p2 − p3 plane of the desired position maneuver (black line) and the three closed-loop actual position trajectories obtained for the
three saturation cases (same color coding as the propeller forces). As expected, deformation of the trajectory is more pronounced for the 7 N saturation value than the
8.5 N case. However, the controller is capable of maintaining a stable behavior in all
the four cases. A similar trend is observable on the evolution of the three velocities
components shown in Figs. 7b,7d, and 7f as a function of the arc-length σ .
On the contrary, the achieved closed loop attitude angles are almost indistinguishable from the desired one, see Figs. 7a,7c, and 7e. The different behavior can
be explained in following way. The maximum achievable γ1 when the force of the
propeller is saturated at 7 N is, from (34), equal to 2l·7 N=4.2 Nm which is higher
than the maximum nominal torque γ1 needed by the maneuver, which is visible
in Fig. 4b (blue plot). Same discussion holds for the other torques. This shows how
the controller is able to let the saturation only affect the quantities whose degradation is unavoidable (position and velocity in this case).
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Fig. 7: Effect of the force/torque saturation on the attitude angles and linear velocity.

5 Conclusion
In this paper we have developed an LQR based maneuver regulation controller in
order to make a quadrotor UAV perform three dimensional aggressive maneuvers.
This controller overcome the drawbacks that affect both path following and trajectory tracking. We have shown how our maneuver regulation controller is robust with
respect to the uncertainty of model parameters and input saturations. As a preliminary step to test the controller on the real quadrotor we have performed numerical computations on a quadrotor simulator with good physical fidelity. Given the
promising performances of the controller we plan to test the controller on a real
quadrotor platform.
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