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Abstract

In this paper, on the one hand, we aim to give a review on literature
dealing with the problem of supervised learning aided by additional unla-
beled data. On the other hand, being a part of the author's �rst year PhD
report, the paper serves as a frame to bundle related work by the author
as well as numerous suggestionsfor potential future work. Therefore, this
work contains more speculative and partly subjectiv e material than the
reader might expect from a literature review.

We give a rigorous de�nition of the problem and relate it to super-
vised and unsupervised learning. The crucial role of prior knowledge is
put forward, and we discuss the important notion of input-dep endent
regularization. We postulate a number of baseline methods, being algo-
rithms or algorithmic schemes which can more or less straightforw ardly
be applied to the problem, without the need for genuinely new concepts.
However, someof them might serve as basis for a genuine method. In the
literature review, we try to cover the wide variety of (recent) work and to
classify this work into meaningful categories.We also mention work done
on related problems and suggestsomeideas towards synthesis. Finally , we
discusssomecaveats and tradeo�s of central importance to the problem.
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1 In tro duction

Learning from data can be seenas the most rigorous attempt to drastically
compress data without losing much of the inherent information. All learning
strategiesmust therefore be basedon the belief in the hidden inherent simplic-
ity of relationships, Occam's razor, as is the whole of modern natural science.
Statistical machine learning tries to replicate the highly original and creative
patterns of human learning on dull computers, using conceptsfrom probabilit y
theory.

The key to e�cien t compressionis the intro duction of latent variables associ-
ated with the observables, such that knowledgeof the latent variables reduces
the complexity of describing the observablesdrastically. Namely, the combined
description of both latent and observable variables should be much lesscostly
than the straightforward description of the observablesalone.An exampleis the
invention of words in a languageto describe objects within our visual experi-
ences.

To link these variables, in order to be able to work with them in an inference
or coding-decoding machinery, we need to build models1. A model family is
a conditional probabilit y distribution P(AjB ; � ), where A and B are disjoint
sets of variables (B may be empty), and � 2 � is a latent variable associated
with the model family. Often, model families are written as sets of distribu-
tions f P(AjB ; � )j� 2 � g, and the elements, being conditional distributions AjB
indexed by valuesof � , are called models2. Somemodel families, e.g. prior dis-
tributions for variables at the top of the hierarchy (seebelow) or certain noise
models, have j� j = 1, in which casewe can get rid of the variable � . It is very
important to note that all model families used within an inferencemachinery
are known beforehandto coding and decoding side (as are the rangesof all the
variables). Furthermore, we require that the whole machinery is completely de-
�ned in the sensethat the total of all models allows us to compute a joint prior
distribution over all variables in a consistent way.

Often, by observing which variable is conditioned on which under the model
families, onecandeterminea certain ordering (or \direction of data generation")
which gives rise to a hierarchy. The notion of a hierarchy is very important in
Bayesian analysis, e.g. a complex of model families describing the part of the
hierarchy which speci�es the joint prior distribution for a subset of the latent
variables, is sometimesreferred to as hierarchical prior . Berger [8] givesa good
intro duction into Bayesiananalysis.

There are two important, basic mechanisms for intro ducing latent variables
to achieve better compression.The principle of divide and conquer states that

1Such models can be very simple, e.g. in the caseof nonparametric statistical methods. We
will give examples below.

2Note that we treat
�

in the same way as any other latent variable. Our framework would
be easier if we de�ned model families simply as conditional distributions, however it is the
general convention to link a model family with an explicit variable

�

and to write the family
as set indexed by

�

, and we do not want to break with this.
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if a relationship cannot be described easily enough as it is, we should try to
separate it into a �nite number of units, each of which is more accessibleto
e�cien t description. In our framework, this can be done by intro ducing a new
groupingor clustering variable k with a �nite range.A model for AjB can then be
describedby a mixture of modelsfor AjfB ; kg, this alsoinvolvesmodeling kjB. A
secondmechanismworks by imposingfunctional relationshipsbetweenvariables,
obscured by completely unstructured noise. E.g. to describe the relationship
AjB , we can build a model family f P(AjB ; � )g such that each model computes
a �xed mapping � � (B), then P(AjB ; � ) = Pnoise (Aj � � (B)). The conditional
distribution on the right side is called a noise model. It is the samefor all the
models in the family, and often has a simple parametric form, e.g. a Gaussian.
Note that if data for A ; B is to be compressedgiven this model family, we
should prefer models � such that the true distribution P(Aj � � (B)) is indeed
as unstructured as possible, and close to Pnoise (Aj � � (B)). Thus, the models
we prefer for compressionare aimed towards separating structure from noise, a
central goal in learning from data.

1.1 Supervised and unsup ervised learning

In statistical machine learning, two di�eren t scenarioscan easily be distin-
guished:

� Supervised learning (learning with a teacher)

� Unsupervised learning

In the supervised learning scenario,aspectsof an unknown probabilistic relation-
ship P(x ; t) betweenexamplesor input points x 2 X and targetsor labels t 2 T
are to be learned from labeled data f (x i ; t i )ji = 1; : : : ; ng, where the (x i ; t i ) are
drawn independently from P(x ; t). This problem classincludes pattern recogni-
tion or classi�cation (T �nite) and regressionestimation (T � R).

In this paper, we will almost exclusively deal with the classi�cation scenario,al-
though most ideasshouldcarry over to other scenarioslikeregressionestimation.
With respect to our coding perspective, we could say that in the classi�cation
case,somebody else(humansfrom earlier generations,clever scientists, : : : ) has
already done the job of identifying t as grouping variable potentially valuable
for e�cien t compression.Since we (and the world around us) have agreed to
trust this decision, t is not latent anymore, but can be observed. We almost
surely possessfurther prior knowledgeabout the relationship which we can use
together with the data for our inference,and this prior knowledgemight come
from the samesource.Somereadersmight object here, noting that even simple
classi�cation learning schemescan be shown to be consistent, i.e. can learn any
relation P(x ; t) given unlimited data, so why bother with these compression
ideas and with models altogether? However, learning from limited data is of
course an il l-posed problem, since without any kind of prior knowledge about
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the relationship, the observed data doesnot contain any information on how to
generalize to unseendata.

Classi�cation schemescan be grouped into two major classes(see [22],[71]),
following either the diagnostic or the sampling paradigm. Methods within the
diagnostic paradigm will be referred to asdiagnostic methods (or discriminative
methods), while schemeswithin the sampling paradigm will be called generative
methods3. When designinga generative method, we uset asa grouping variable
in the compressionsense,i.e. we assumethat the classdistributions P(x jt) can
bedescribede�cien tly . This assumptionleadsus to proposinga model family for
each of the classdistributions. In diagnostic methods, which are more related
to regressionestimation, we assumethat P(tjx ) can be described e�cien tly ,
and we usea model family to imposea noisy functional relationship (the noise
model is a multinomial one). The imposedfunctional relationships can be very
simple, e.g. in logistic regression (e.g. [57]), but the model family can also be
parameterizedin a very complexway. For example,in kernel methods, the model
family is parameterizedby a latent function or mapping (i.e. � represents one
or more random processes).

Schemesfor regressionestimation usually proceedin the sameway as diagnos-
tic classi�cation methods, i.e. model P(tjx ). Traditionally , in such diagnostic
schemes,the parameter � of the model family f P(tjx ; � )g and the input variable
x are a-priori independent. This leads to schemesin which it is not necessary
to learn anything about the marginal P(x ) from data. In coding terms, these
schemesdo not need to describe the input points in the data e�cien tly . We
can easily modify our coding perspective in such cases,namely by allowing the
input points in the dataset (to be compressed)to be sent for free. However, an
important point we will make in this paper (seesubsections1.3.2,1.3.3and 2.4)
is that this kind of independenceassumption is not sensibleif we want to learn
from additional unlabeled data. As soon as we drop this assumption (seee.g.
[83]), e�cien t description of the input points becomesan issue.

While supervised learning usually follows a well-de�ned goal, e.g. minimizing
the generalization error in classi�cation or minimizing the expected loss in re-
gressionestimation, there are no such de�nitiv e criteria for unsupervised learn-
ing scenarios4. Here, we are required to �nd \in teresting structures" within a
sample f x i ji = 1; : : : ; mg, independently drawn from the unknown distribu-
tion P(x ) (also called source). According to Occam's razor, what we are really
looking for are structures which are inherently very simple, however obscured
by unpredictibly random noise. This problem seemsto be very much harder

3The term \sampling paradigm" is used for \historical" reasons,but actually clashesin the
most unfortunate way with the terminology for methods employing Monte Carlo sampling,
such are often referred to as sampling methods.

4There is a general criterion which has already been mentioned above. Namely, the best
solution to an unsupervised learning problem is the one that enables us to encode the data
source in the most e�cien t way. However, while this criterion can lead us successfully during
the design of the model family , model selection or the search within a model family , it is too
strong as an absolute criterion in practice, where it is often only feasible (or desirable) to focus
on particular aspects instead of attacking the whole problem of the optimal representation.
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than the supervised learning scenario, since it requires the algorithm (or the
designer thereof) to identify latent variables suitable for e�cien t compression
of the source.In essence,an unsupervisedmethod performs density estimation,
and many of the most successfulunsupervisedalgorithms are formulated asgen-
erative modelsfor P(x ) whosecomplexity is carefully controlled and regularized
while being �tted to the data. By choosing appropriate restrictiv e model fami-
lies, we can also aim for lower targets, i.e. learning particular kinds of structure
in the data, with no intention of representing P(x ) faithfully by the �nal result,
however the basic \driv e" in the optimization is always to �t the data in the
best possibleway.

Examplesof unsupervisedtechniquesinclude latent subspacemodelslike princi-
pal component analysis (PCA) (e.g. [10]), factor analysis (e.g. [28]) or principal
curves [39]. Here, we intro duce a latent \compression" variable u , living in a
low-dimensional space,furthermore impose a noisy functional relationship on
x ju . The functional relationships are represented either by linear or by more
powerful nonlinear models, in the latter casethe model family is tightly regular-
ized by an appropriate prior P(� ) on the model parameter � . The noisemodel
is usually a Gaussian. Other examplesare mixture models (e.g. [59],[93],[70])
where the latent variable is a grouping variable from a �nite set (similar to
the class label in supervised classi�cation), and the conditional models come
from simple families such as Gaussianswith structurally restricted covariance
matrices. Combinations of mixture and latent subspacemodels have also been
consideredin numerousvariants (e.g. [91], [34],[96],[33]).

Finally note how, within all thesemodels, complexity can be regulated at vari-
ouslevels.The relations betweenlatent and observable variablesare kept simple
by choosing relatively narrow model families or by regularizing models, i.e. by
penalizing complexmodelswithin a family. This is naturally achievedby placing
a prior distribution over the parameter of the model family, which judgessimple
models as more probable than complex ones.But also the complexity of other
latent variables needsto be tightly controlled, e.g. the number of components
in a mixture or the number of dimensionsof latent subspaces.Often, there is
considerableinterplay betweenlevelsin this hierarchy. For example,in split-and-
mergeheuristics for mixture density estimation (e.g. [96]), components are split
once their densities grow wide or unusually elongated, while components are
mergedoncetheir densitiesoverlap strongly. In this example,the prior distribu-
tions over the model families for the components favour more concentrated over
strongly elongateddistributions, while the prior on the number of components
favours small numbers.

1.2 Supervised learning aided by additional unlab eled
data

There are problems which do not belong to either of the principal classesdis-
cussedin the previous subsection1.1, and they are of immensepractical impor-
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tance. For example, we might face a supervised classi�cation problem for the
relationship P(x ; t) for which it is easy to obtain a large sample of unlabeled
data, but the processof labeling points x drawn from P(x ), accordingto P(tjx ),
is very expensive, computationally hard or di�cult to perform out of other rea-
sons.For example, the labeling might require human insight, such as in speech
recognition, object recognition in imagesor classifying hypertext pages,or the
performanceof expensive tests or experiments, such as in medical diagnosisor
functional proteomics5. In short, the practical interest in methods to attack the
problem of supervised learning aided by additional unlabeled data (short: the
labeled-unlabeled problem), to be de�ned in the following, is considerable.

Given an unknown probabilistic relationship P(x ; t) between input points x
and class labels t 2 T = f 1; : : : ; cg, the problem is to predict t from x , i.e. to
�nd a predictor t̂ = t̂(x ) such that the generalization error of t̂ ,

Px ;t
�

t̂ (x ) 6= t
	

; (1)

is small, ideally closeto the Bayes error, being the minimum of the generaliza-
tion errors of all predictors. We are looking for algorithms to compute t̂ from

� a labeled sampleD l = f (x i ; t i )ji = 1; : : : ; ng, where the (x i ; t i ) are drawn
independently from P(x ; t),

� an unlabeled sampleD u = f x i ji = n+1 ; : : : ; n+ mg, wherethe x i aredrawn
independently from the marginal input distribution P(x ) =

P c
t =1 P(x ; t).

Du is sampledindependently from D l ,

� prior knowledge(or assumptions)about the unknown relationship.

If Du is empty, this is the traditional supervised learning problem. The most
interesting casefrom a practical viewpoint arisesfor n = jD l j rather small and
m = jDu j � n.

Let us de�ne someadditional notation which we will usethroughout the paper.
De�ne X l = (x 1; : : : ; x n ); Tl = (t1; : : : ; tn ), so that D l = (X l ; Tl ). Let X u =
(x n +1 ; : : : ; x n + m ), i.e. Du = X u . Furthermore, denote the missing labels on
the points from Du by Tu = (tn +1 ; : : : ; tn + m ). The combined evidence(i.e. the
complete observed data) is D = (D l ; Du ).

Availabilit y of prior knowledge about the relationship (often in a form of Oc-
cam'srazor) is crucial, asarguedin subsection1.1.However, it is very important
to note that prior knowledge(or assumptions)are usedto a quite di�eren t de-
greeand with di�eren t �nal impact, if we comparesupervisedand unsupervised

5Here, one tries to deduce the function of certain proteins in a cell. In the moment, the
ultimate, but often very di�cult and expensive method to do this is to grow a crystal, and
then to determine the three-dimensional protein structure using x-ray crystallograph y. Other
features, such as the expression level of the protein in a certain type of cell under certain
conditions, its linear amino acid sequenceor 
o w characteristics under gel electrophoresis, can
be determined very much cheaper and on a large scale, often fully automatized.
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learning. In supervisedlearning, prior knowledgeis usedmerely asa kind of \se-
curit y belt", to prevent the algorithm to run aheadand useits most fancy model
to �t all bits and piecesof the dataset. In the limit of a large labeleddataset, this
belt becomeslooser and looser, until its impact on the �nal prediction almost
vanishes.In unsupervised learning, prior assumptionswill always have a strong
impact on the �nal result. There is not something like an \a-priori interesting
structure" in data, i.e. any kind of structure we discover in data always depends
on our view on the examples,e.g. on the features we use to describe them or
the distance we use to relate them. Having made this observation, for any al-
gorithm to attack the general problem of supervised learning with additional
unlabeled data, it is crucial to balance the impact of prior assumptions very
carefully betweenthesetwo extremes.

1.3 Paradigms for supervised classi�cation

The basic paradigms for supervisedclassi�cation have already beenintro duced
in subsection1.1. Here, we discussthem in more detail and describe the role
unlabeled data plays in each of them. The relative merits of typical methods
within the paradigm, especially w.r.t. possible extensionsof such methods to
solve the labeled-unlabeled problem are discussedin subsection5.2.

1.3.1 The sampling paradigm

We refer to architectures following the sampling paradigm
as generative methods. Within such, we model the class
distributions P(x jt) using model families f P(x jt; � )g, fur-
thermore the classpriors P(t) by � t = P(tj� ); � = (� t )t .
We also refer to an architecture of this type as a joint
density model architecture, sincewe are modeling the full
joint density P(x ; t) by � t P(x jt; � ). For any �xed �̂ ; �̂ ,
an estimate of P(tjx ) can then be computed by Bayes'
formula:

q p

x t

P(tjx ; �̂ ; �̂ ) =
�̂ t P(x jt; �̂ )

P c
t 0=1 �̂ t 0P(x jt0; �̂ )

: (2)

Alternativ ely, one can obtain the Bayesian predictive distribution P(tjx ; D l )
by averaging P(tjx ; � ; � ) over the posterior P(� ; � jD l ). Within the sampling
paradigm, a model for the marginal P(x ) emergesnaturally as

P(x j� ; � ) =
cX

t =1

� t P(x jt; � ): (3)
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Therefore, if labeledand unlabeleddata is available, a natural criterion to max-
imize would be the joint log likelihood of both D l and Du ,

nX

i =1

log � t i P(x i jt i ; � ) +
n + mX

i = n +1

log
cX

t =1

� t P(x i jt; � ); (4)

or alternativ ely the posterior P(� ; � jD l ; Du ).6 This is essentially an issue of
maximum likelihood in the presenceof missing data (treating t as latent vari-
able), which can in principle be attacked by the expectation-maximization (EM)
algorithm (seesubsection2.2).

While the implicit representation of P(x ) is appealing, generative methods of-
ten exhibit signi�can t drawbacks on supervised learning tasks, and we expect
someof theseto be even more expressedif we add unlabeled data in the learn-
ing process,as described above. We discusssomeof these issuesin subsection
5.2. Furthermore, even in situations where the joint density model families are
appropriate, EM might exhibit severe local maxima problems, as discussedin
subsection2.2.

1.3.2 The diagnostic paradigm

In diagnostic methods, we model the conditional distribu-
tion P(tjx ) directly using the family f P(tjx ; � )g, as dis-
cussedin subsection1.1. To arrive at a completesampling
model for the data, we alsohave to model P(x ) by a fam-
ily P(x j� ), however if we are only interested in updating
our belief in � or in predicting t on unseenpoints, this
is not necessary, as we will seenext. Under this model, �
and � are a-priori independent, i.e. P(� ; � ) = P(� )P(� ).

m q

x t
The likelihood factors as

P(D l ; Du j� ; � ) = P(Tl jX l ; � )P(X l ; Du j� );

which implies that P(� jD l ; Du ) / P(Tl jX l ; � )P(� ), i.e. P(� jD l ; Du ) =
P(� jD l ), and � and � are a-posteriori independent. Furthermore, P(� jD l ; � ) =
P(� jD l ). This meansthat neither knowledgeof the unlabeled data D u nor any
knowledge of � changes the posterior belief P(� jD l ) of the labeled sample.
Therefore, in the standard data generation model for diagnostic methods, un-
labeled data cannot be used for Bayesian inference, and modelling the input
distribution P(x ) is not necessary. The advantagesand drawbacks of diagnostic
methods, as compared to generative ones(seesubsection1.3.1), are discussed
in subsection5.2. In order to make useof unlabeleddata in diagnostic methods,
the data generation model discussedabove has to be modi�ed, and this is the
topic of the next subsection.

6To predict, we average P (t j � ;
�

; � ) over the posterior. If we know that � is drawn from
P ( � ) and independent from D , we should rather employ the posterior P (

�

; � jD l ; D u ; � ).
However, in this case the test set usually forms a part of D u , and the two posteriors are the
same.
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1.3.3 Regularization dep ending on the input distribution

We have seen in subsection 1.3.2 that within traditional diagnostic methods
for classi�cation, we cannot make use of additional unlabeled data D u . The
principal reasonfor this is that � (to model P(tjx )) and � (to model P(x )) are
a-priori independent. In other words, the model family f P(tjx ; � )g is regularized
independently of the input distribution.

If we allow prior dependenciesbetween � and � , e.g.
P(� ; � ) = P(� j� )P(� ) and P(� ) =

R
P(� j� )P(� ) d�

(as shown in the independencediagram to the right), the
situation changes.The conditional prior P(� j� ) in prin-
ciple allows information about � to be transferred to � .
In general, � and Du will be dependent given the labeled
data D l , thereforeunlabeleddata canchangeour posterior
belief in � .

m q

x t
We conclude that to make useof additional unlabeled data within the context
of diagnostic supervisedtechniques,we have to allow an a-priori dependencebe-
tweenthe latent function representing the conditional probabilit y and the input
probabilit y itself, in other words, we have to use a regularization of the latent
function which depends on the input distribution . This argument is explored
in more detail in [83]. We remark that while the modi�cation to the standard
data generationmodel for diagnostic methods suggestedhere is straightforward
in principle, choosing appropriate conditional priors P(� j� ) which on the one
hand represent available prior knowledge in an appropriate way7, on the other
hand render the whole inference machinery tractable, at least in an approxi-
mative sense,can be very challenging. An important example is given by the
Co-Training paradigm (seesubsection3.3). Here, the idea of exploiting redun-
danciesbetweentwo or more views on examplesis usedto regularize a hypoth-
esisclass based on information about P(x ). This idea, which originates from
earlier work on unsupervised learning, can be seenas a quite general way to
construct conditional priors P(� j� ) for a task at hand, although a reasonably
general formulation of such a construction processhas not yet been given (to
our knowledge). Someideas in that direction can be found in [83].

Some readers might feel a bit uneasy at this point. If we use a-priori depen-
dent � and � , the �nal predictive distribution depends on the prior P(� ) over
the input distribution. This forcesus to model the input distribution itself, in
strong contrast to the situation for traditional diagnostic methods (seesubsec-
tion 1.3.2). In this case,will our method still be a diagnostic one?Diagnostic
methods have the clear advantage over generative techniques that they often
require orders of magnitude less free parameters which have to be adjusted
while learning from data (seesubsection5.2). However, we do not model each
individual class distribution, but the marginal of x only. Furthermore, if the

7As discussed in detail in [83], P (
�

j � ) should enforce prior assumptions in a way which is
neither too restrictiv e, so as not to intro duce a systematical bias, nor too loose, so that the
prior can be expected to have su�cien t impact on the �nal prediction.
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input-dependent regularization is done sensibly (see[83] for a discussion), the
impact of an oversimple model for P(x ) on the �nal prediction is much less
severe than in typical methods belonging to the sampling paradigm. Finally, it
is generally assumedthat unlabeled data is abundant, therefore in theory we
need not restrict ourselves to simple models for P(x ). To conclude, while it
is true that \diagnostic" techniques which use input-dependent regularization,
share the need for density modeling with generative methods, in our opinion
they should still be classi�ed as belonging to the diagnostic paradigm8.

Theoretical studies of supervised learning methods within the probably approxi-
mately correct (PAC) framework (e.g. [52]) focuson diagnostic schemesand con-
sequently ignore the input distribution P(x ) in that they either do not restrict
it at all or assumeit to be uniform over X . The \ : : : question of how unlabeled
examplescan be used to augment labeled data seemsa slippery one from the
point of view of standard PAC assumptions" (citation from Blum and Mitc hell
[11]). PAC boundsanalyzedeviations betweentraining and generalizationerror
for certain predictors, drawn from a hypothesisset of limited complexity. Com-
plexity measuresfor hypothesis sets, such as the Vapnik-Chervonenkis (VC)
dimension (see[99]), usually do not depend on the input distribution. In other
words,a PAC result appliesuniformly for any distribution P(x ; t), which is nice,
but it merely bounds the probabilit y of drawing an i.i.d. sampleof a given size
from P(x ; t) and then measuring a \more-than- " " deviation between training
error (on this sample) and generalization error for any of the hypothesesfrom
the restricted class. If all the hypothesesin this classhave unacceptably high
training error on the given training sample,the only thing we can do is to make
the hypothesisclasslarger and more complex, leading to a worselarge deviation
bound. In most practical real-world applications, wheresamplesdo not have as-
tronomical size, even the best known PAC bounds on the generalization error
are usually ridiculously far from being tight.

However, in principle nothing stops us from consideringPAC bounds which do
not hold uniformly for all P(x ). Although such boundswould hold for all P(x ; t),
their value would depend on characteristics of D u , therefore on P(x ). Indeed,
the bounds given in [76] can be interpreted in this sense.Such bounds might
be tighter than uniform ones in caseswhere P(x ; t) does not strongly violate
our prior assumptions. Such bounds could then possibly be used to motivate
regularization depending on the input distribution.

There are principled frameworks other than Bayesiananalysis with conditional
priors that attack the labeled-unlabeled problem. Some of them will be dis-
cussedin the review section 3 of this paper. For example, subsection3.6 dis-
cussesrestricted Bayesoptimal classi�cation [94] and relatesit directly to input-
dependent regularization.

8 In the same way as restricte d Bayes optimal classi�c ation is considered to be a diagnostic
technique (see subsection 3.6).
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1.4 Overview of the pap er

We concludethis intro ductionary sectionby giving an overview of the remainder
of the paper. Although the essential aim of this paper is to give a review of
the literature on the labeled-unlabeled problem, parts of this work emphasize
and re
ect the author's subjective beliefs in what is important and original
versuswhat should be criticized and how. We would be very happy to get into
discussionwith readersof this paper, and to validate our views basedon their
arguments. However, we have done our best to report and to argue fair. We
do not claim to be exhaustive, especially not with respect to lessrecent work.
Castelli and Cover [15] collect somereferencesto older work.

Some important topics have been \outsourced" into separate papers, such as
the issueof input-dependent regularization of conditional density models (see
[83] and subsection1.3.3). Others are subject of current work, such as the gen-
eralization of Fisher kernelsmentioned brie
y in subsection3.5. We would also
like to emphasizethat the paper is somewhatbiased towards mentioning recent
work done by the author himself. Besidesgiving a comprehensive literature re-
view, another aim of this paper is to build a frame around this work, to put it
into a context and onto a basis, all within the e�ort to give an overview over
the �rst year of the author's PhD period.

In section2, we identify baselinemethods for the problem of supervisedlearning
aided by additional unlabeled data (the \lab eled-unlabeled problem"). These
methods attack the problem in a generic way and are straightforward trans-
formations of already existing standard methods (for supervised or unsuper-
vised learning) to the new problem domain. Any method claiming to solve the
labeled-unlabeledproblem should ideally be comparedwith all of them. Section
3 contains the literature review and forms the main part of the paper. Section
4 describes someproblems that we think are related to the labeled-unlabeled
problem, together with selectedwork done on theseproblems. In section 5, we
discusssomecaveats and tradeo�s linked with the labeled-unlabeled problem.
Section 6 presents conclusions.

2 Baseline metho ds

In this section,wede�ne somebaselinemethodswhich canin principle beusedto
attack any realization of the labeled-unlabeledproblem, asde�ned in subsection
1.2. The criteria used to select these methods are not rigid, but someof them
might be:

1. The method is generic, i.e. not only applicable to a special task.

2. The method is a relatively straightforward transformation of already ex-
isting standard techniques for supervised and/or unsupervised learning.



2 BASELINE METHODS 14

It is our opinion that thesebaselinemethods,or straightforward variants thereof,
should not be consideredas solutions to the labeled-unlabeled problem, even
though they might work well on certain tasks. Each of them has several severe
shortcomings (these will be discussed)which, in our opinion, have to be ad-
dressedusing (probably) genuinely new ideas. However, baselinemethods are
very useful to comparegenuinely new techniquesagainst.

The simplest baselinemethod is of courseto discard the unlabeled data and to
predict basedon the labeled training data D l (and the available prior knowl-
edge) alone, using our favourite supervised algorithm. However, someauthors
seemto overemphasizethe importance of this baseline method. For example,
if n = jD l j is rather small9, most supervised methods will naturally perform
poorly. Therefore, if a labeled-unlabeled algorithm outperforms this baseline
method signi�can tly , we cannot necessarilyconcludethat the labeled-unlabeled
algorithm is suitable to solve our problem, but rather that the problem cannot
be sensibly attacked basedon the sparsedata D l only. Another, possibly more
subtle issue is the use of cross-validation to set free parameters in supervised
learning methods. Cross-validation on small training sets is doomed to fail due
to very high variance.In our opinion, the only sensibleway to predict from small
training sets is by using Bayesianinferencetogether with any kind of available
prior information.

On certain, arti�cially created tasks we can compare our labeled-unlabeled
method against the \non-plus-ultra" method, namely a supervised algorithm
which is given D l ; Du and the missing labels on D u . This is of course not a
baselinemethod, but it might be quite useful in a casestudy to set limits. Ex-
pecting that our method comesvery close to this ideal for rather small D l is
naive, though. Although our aim is the sameas for a supervised method, the
given data information is much closer to an unsupervised setting.

Some readers might object that we are presenting or suggestingsome meth-
ods here without having tested them on data. However, most of the methods
presented here have been proposedin the literature, at least on special tasks.
This will be made clear in the review section 3 of this paper. Second,rather
than concretebaselinealgorithms we suggestmethods or schemes.The concrete
realization is left to anyonewho might want to usethem for comparativestudies.

9 It is di�cult to get a \w orking de�nition" for what we mean by \rather small" D l . If our
model and prior assumptions for P ( � ; t ) are correct, we could de�ne n to be a rather small
dataset size if Bayesian analysis using these assumptions performs on average signi�can tly
worse than the (optimal) Bayes classi�er which achieves the Bayes error. In practice, it is
necessary to study learning curves for both the supervised baseline method and the labeled-
unlab eled algorithm, in which test errors (averaged over some trials) are plotted against the
relativ e size of D l , i.e. the percentage of labeled data, n=(n + m).
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2.1 Unsup ervised learning, follo wed by assignment of
clusters to classes

Let us assumethat m � n, i.e. while labeled data is sparse,unlabeled data is
abundant. In this case,we can use a sophisticated unsupervised algorithm to
generatea model (or a posterior distribution over models) which �ts the unla-
beled data only. The design of the unsupervised method of coursedepends on
the prior knowledgewe have about P(x ; t). For example, assumeX = Rd and
the validit y of the \cluster assumption", namely that two points x ; x 0 should
have the samelabel t if there is a path between them in X which passesonly
through regionsof relatively high P(x ). Recently , Tipping [90] and Rattra y [69]
proposedways to construct sophisticateddistancemeasureswhich are aimed at
�nding such clusters. To this end, we �rst �t a Gaussianmixture model to the
unlabeled data (the number of mixture components can be much larger than
the number of classesc = jT j). From the �tted model, the distance between
any two points can then be computed. We can now usea simple algorithm like
k-nearest neighbor (see [27]) together with the labeled data D l and the dis-
tance inferred from Du . Note that the \cluster assumption" is a very general
and weak assumption, therefore applicable as prior assumption to many unsu-
pervised tasks. If prior knowledgeof a stronger nature is available, it might be
possibleto usesimpler distance measures,but it is important that the distance
can be learned from the unlabeled data D u .

In caseof X = Rd, prior knowledgeabout the task might allow us to assumethat
data from each classcan faithfully be modeled as coming from an underlying
low-dimensionalmanifold (or, moregenerally, from a mixture of such manifolds),
convolvedwith Gaussiannoise10. The generative topographic mapping(GTM) [9]
is a very powerful architecture in such situations, obtaining the latent manifold
asa smooth nonlinear mapping of a uniform distribution over a low-dimensional
space,represented by a regular grid. One could try to �t a mixture of GTM's
with a rather small number of components K (however, K � c = jT j) to D u ,
keepingthe component manifolds smooth using Occam priors11.

An eveneasiermethod canbeconstructedby imposingthe existenceof a (latent)
separator variable k betweenx and t, i.e. x and t are conditionally independent
givenk. k livesin f 1; : : : ; K g, wheretypically K > c = jT j. We �rst �t a mixture
model to the relationship betweenx and k (where k is the variable selectingthe
component). Then, we �x P(k) as well as the component models P(x jk) and
train the P(tjk), e.g. by maximizing the likelihood of the labeled data D l . This
technique is further discussedin subsection2.3, giving rise to another baseline
method.

The conceptually simple method basedon the cluster assumption might work
10 One can use spherical Gaussian noise, but a more reasonable model would be to use

Gaussians whose principal axes are aligned with the tangent space of the manifold at each
center. Both alternativ es are discussed in [9].

11 However, �tting mixtures of GTM has been proved very di�cult in practice (thanks to
Chris Williams for pointing this out).
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surprisingly well on real-world problems. It is, however, restricted to the case
X = Rd, and the computation of the distancesmentioned is computationally
quite heavy. A more fundamental aspect with respect to the labeled-unlabeled
problem is that the cluster assumption is usually not true everywhere in the
region of interest. Now, even if the labeleddataset D l is small, it might point us
to such critical places,e.g.suggestsplitting a cluster eventhough it is not crossed
by low-density regionsof P(x ). Ideally, the �nal distanceshould depend on this
information. One could for example start with the distance basedon D u only,
then carefully \inject" the label information, thereby modifying the distance at
placeswhere label evidencesuggestsso, leaving it unchanged everywhere else.
We are not aware of any principled work beendone in this direction.

The technique basedon the separatorvariable k is straightforward to run. How-
ever, we do not expect it to work very well in general, given that standard
Gaussianmixture models are usedto �t P(x ). One strength of mixture models
for density estimation is that many simple component densities can \connect"
together to model quite complicated, maybe elongated,connectedhigh-density
regions.However, this notion of connectednessis not supported by the method
at all. Therefore, in general,connectedhigh-density regionswill only be labeled
consistently correct if labeleddata falls within most of the components modeling
the region. This is improbable if D l is small.

The (hypothetical) mixture of GTM's method would alleviate this problem sig-
ni�can tly in that here,centers belonging to the samecluster (i.e. being assigned
to the samecomponent GTM) are constrained to lie on the samesmooth low-
dimensional manifold. Unfortunately , inferenceis computationally quite expen-
sive for GTM's, growing exponentially in the number of dimensionsof the latent
manifold. However, simple extensionsof GTM, possibly employing more elabo-
rate noisemodelscould be usedasvery powerful component modelsin a mixture
approach even if each component is restricted to a small latent dimensionality.

We �nally mention a general idea for \injecting" the label information from D l

after having learned a probabilistic partitioning P(kjx ; �̂ ) of X from Du . This
idea is in line with a method suggestedin subsection2.3 and works by �tting
simple local \exp erts" P(tjx ; k; � ) (e.g. logistic regression)to data in the di�er-
ent clusters,where� is the parametervector. Expert k is trained on a reweighted
versionof D l , namely each point (x i ; t i ) is weighted by P(kjx i ; �̂ ). For example,
supposethat T = f� 1; +1 g and P(tjx ; k; � ) = � (t(! T

k x + bk )), where � (u) =
1=(1 + exp(� u)) is the logistic function, and � = (! 1; : : : ; ! K ; b1; : : : ; bK ). Fit-
ting such logistic regressionmodels to maximize the likelihood of weighted data
can by done by the iteratively reweighted least squares (IRLS) technique (see
e.g. [57]). In our case,the data is sparse,so one would also employ an Occam
prior P(! ) = N (! j0; � I ). If we are only after an MAP approximation to full
Bayesian analysis12, we can still use the IRLS method to compute this. The
advantage of this method over labeling the clusters by assumingthat k acts as

12 The MAP approximation to Bayesian analysis is brie
y discussed (in another context) in
subsection 2.4. Details can be found e.g. in [55].
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separatorbetweenx and t, asdiscussedabove in this subsection,is that clusters
can be split betweenseveral classesif the labeled data suggestsso. Note that if
all points in D l which have signi�can t weight for cluster k, belong to one class,
by our Occam prior on ! the MAP model P(tjx ; k; �̂ ) will be almost constant.

2.2 Exp ectation-maximization on a join t densit y model

Rather than treating D u asgenuinely unlabeleddata, wecanalsoview the labels
on thesepoints asmissing data. Expectation-maximization (EM) (see[25],[2]) is
a generaltechnique for maximum likelihood estimation in the presenceof latent
variables or missing data. The idea of the basic batch version of EM is simple.
We can distinguish between a complete likelihood function over observed and
unobserved data and a marginal likelihood function which is obtained from the
complete one by integrating the latent variables out. The goal is to maximize
the marginal likelihood. This is done by iterating the following two steps. In
the so-calledE step, we compute the conditional distribution of the latent vari-
ables,given the observed data and the current model estimate. In the M step,
we compute the expectation of the complete log likelihood function under this
conditional distribution, and then choosea new model which maximizesthis cri-
terion. To be more speci�c, let zv be the observed, zh be the hidden variables.
By Jensen's inequality (e.g. [20]), applied to the concave log, we have

logP(zv j� ) = log
Z

P(zv ; zh j� ) dzh � Ezh � Q(zh )

�
log

P(zv ; zh j� )
Q(zh )

�
(5)

for any distribution Q(zh ). For �xed z v = �z v and the current model estimate
�̂ , we chooseQ(zh ) = P(zh j �z v ; �̂ ) in the E step in order to achieve the tightest
possiblebound. EM can therefore be seenas successive maximization of (vary-
ing) lower bounds to the marginal log likelihood. A crucial fact about the EM
criterion as a lower bound to the marginal log likelihood is that they are equal
to �rst order if expanded w.r.t. � around �̂ , and one can show that a local
maximum point �̂ of the bound also maximizes logP(z v j� ) locally.

It springsinto mind to construct a model family for the joint distribution P(x ; t)
and to determine a model maximizing the joint likelihood by using the EM algo-
rithm, in order to attack the labeled-unlabeled problem. This is most easily be
done by choosing model families for the class-conditional distributions P(x jt).
The joint log likelihood is

nX

i =1

log � t i P(x i jt i ; � ) +
n + mX

i = n +1

log
cX

t =1

� t P(x i jt; � ); (6)

where � t = P(tj� ). The derivation of the EM equations then parallels very
closely the caseof mixture models, which can be found in many textb ooks, e.g.
[10].
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Indeed, using EM to \�ll in" labels on D u has already been suggestedvery
early, namely in a note by R. J. Little in the discussionof [25]. Chapter 1.11
of [59] gives the idea and further references,however it is not clear whether
the authors suggestusing the approach for classi�cation or merely for partially
unsupervisedlearning, whereunsupervised�tting of a mixture model to P(x ) is
aidedby a few labeledpoints D l . It hasbeenusedto attack the labeled-unlabeled
problem, e.g. for text classi�cation [66]. However, usageof EM in this context
is somewhat dangerous, as we will argue next. First of all, we are required
to model the class-conditional distributions. In the terminology of subsection
1.3, we operate within the sampling paradigm and not within the often more
robust diagnostic paradigm. It has frequently beenobserved that, in the purely
supervised setting, �tting the class-conditional distributions with rather poor
models, then estimating P(tjx ) by using thesemodels in Bayes' formula, works
surprisingly well w.r.t. prediction, but poor as estimate of P(tjx ), in that the
estimates at most points x have too low entropy (i.e. the prediction is too
con�dent at most points). Supposewe choosequite narrow families including
only simple models for the classes.We initialize EM by �tting the models to
the labeled data D l . In the �rst E step, the missing labels are \�lled in" by
their expected values, given the current model and the observed data. By the
overcon�dent nature of the estimates based on the poor class models, these
\pseudo-labels" will be quite de�nitiv e on many of the points from D u . In other
words, the �rst E step will assigna large number of points from D u to classes
quite con�dently , based only on the initial poor model �tted to D l . In the
subsequent M step, these arti�cially labeled points can outweigh the labeled
points from D l , leading to a model which might even exhibit worse predictive
performancethan the initial one. In any case,we expect EM applied in this way
to quickly converge into a poor local maximum of the joint likelihood, largely
determined by the \pseudo-labels" given to the points from D u during the �rst
E step. This problem could be alleviated by allowing more complexclassdensity
models. However, in this caseit is not clear how to �t thesemodels initially if
D l is small. A typical situation where straightforward EM fails empirically, is
shown in [65].

2.2.1 A general view on exp ectation-maximization techniques

This subsectioncontains advancedmaterial not required for the generalunder-
standing of the remainder of the paper. Although we think the view on EM
techniques presented here is very useful for anybody who applies the standard
EM algorithm or variants to learning problems, the reader is invited to jump
to the last paragraphs of this subsection,where we state the consequencesof
the view relevant for this paper. In later versions of this paper, the present
subsectionwill probably be \outsourced" into a separate,more comprehensive
technical report.

Although the standard batch EM algorithm, asapplied straightforwardly to the
labeled-unlabeled problem, su�ers from severe robustnessproblems mentioned
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above, other notions of EM might be much better suited to attack the problem.
The key here is to adopt a very general view on EM procedureswhich allows
us to modify the standard algorithm in a variety of ways without losing the
convergenceguarantees.

EM is a special caseof an alternating minimization procedure in the context of
information geometry (see[21]), as has been observed by several authors (e.g.
[2],[41]). Several important problems in information theory, such as computa-
tion of the capacity of a (discrete memoryless)channel or of the rate-distortion
function, can be shown to be equivalent to the following problem (seee.g. [20]):
given two convex setsQ and P of distributions over z 2 Z , what is the minimum
divergenceminQ2Q ;P 2P D(QkP) betweenthem, and for which Q� 2 Q; P � 2 P
this minimum distance is attained? Here, the divergenceD is given by the rel-
ative entropy (or Kul lback-Leibler divergence)

D(Q k P) = EQ

�
log

Q(z )
P(z )

�
: (7)

D is a very useful divergencemeasurebetweenprobabilit y distributions with a
clear information-theoretic interpretation (see [20]) and strong, yet somewhat
deep,motivations through information geometry (e.g. [2]). SinceD is convex in
both arguments, the solution to this problem is unique, and the following very
simple alternating minimization procedure is guaranteed to �nd it: start with
someQ 2 Q; P 2 P, then alternate E stepsin which Q  argminQ2Q D(QkP),
and M stepsin which P  argminP 2P D(QkP). The minimization procedures
(aswell astheir outcomesin this context) in E and M stepare callede-projection
and m-projection (e.g. [2]). Thesestepsare iterated until no more improvement
in D(QkP) is observed.

EM can be seenas a variant of this algorithm, as will be shown next. In this
context, P will bea family of modelsfor z , while Q contains distributions related
to the empirical distribution of the data, asdetermined by the observed sample.
Unfortunately , in all nontrivial applications of EM, it turns out that P is not a
convex set13, therefore there can be many global solutions, and the algorithm
will in generalnot convergeto any of these.However, givensu�cien t smoothness
conditions on P,14 the algorithm �nds a local solution, i.e. a pair (Q� ; P � ) which
minimizes D(QkP) among all Q 2 Q and P 2 P in an \environment" of P � .15

Let S be a convex manifold16 of distributions P(z ) over Z . Let z = (z v ; zh )
wherezv is visible, zh is hidden. De�ne the model submanifoldP asmanifold em-

13 In many cases, it is the direct product of several convex sets. EM can also be regarded
as alternating minimization procedure between three or more convex sets. As an aside, the
recently prop osed information bottleneck learning algorithm can also be regarded as such a
procedure between three convex sets, therefore has the same theoretical basis than the EM
algorithm (see [92]).

14 We do not discuss these conditions in detail here, they are usually ful�lled in practice.
15 To be able to talk about \smo othness" and \en vironmen ts", we �rst have to imp ose a

manifold structur e on P . In the context of EM, this is usually done by de�ning P to be a
model family parameterized by

�

2
� d or some submanifold thereof.

16 We shall not use geometrical prop erties of S here.
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beddedin S and parameterizedby � . The EM algorithm, asdescribed at the be-
ginning of subsection2.2, is an iterativ eprocedureto, givena sample �z v from zv ,
�nd a (local) maximum P̂(z ) = P̂ (z j�̂ ) 2 P of the marginal likelihood function
P(z ) 7! P( �z v ) =

R
P(( �z v ; zh )) dzh . Now de�ne the (universal) data manifold

QU to contain all Q(z ) 2 S such that the marginal Q(z v ) =
R

Q((zv ; zh )) dzh

is equal to the (marginal) empirical point distribution � (z v ; �z v ) of �z v .17 QU is
clearly convex. It can be seenas to contain all possiblebeliefs about the com-
plete data after having observed zv = �z v . Now, to show the equivalenceof EM
with the alternating minimization procedure discussedin this section, we �rst
look at the E step. Let P̂ (z ) = P(z j�̂ ) denote the current model, and we are
looking for the e-projection Q̂, i.e. Q̂ 2 QU to minimize D(�kP̂ ). First, we can
write Q̂(z ) = Q̂(zh j �z v )� (zv ; �z v ), by the de�nition of the data manifold QU .
Then, it is easyto seethat

D(Q̂ k P̂ ) =
Z

Q̂(z ) log
Q̂(z )

P(z j�̂ )
dz =

Z
Q̂(zh j �z v ) log

Q̂(zh j �z v )

P(zh j �z v ; �̂ )
dzh + C

= D(Q̂(zh j �z v ) k P(zh j �z v ; �̂ )) + C;
(8)

whereC is someconstant independent of Q̂. By the nonnegativity of the relative
entropy, the minimizer is Q̂(zh j �z v ) = P(zh j �z v ; �̂ ), i.e. the posterior distribution
employed by EM in the E step. Furthermore, with this choiceof Q̂ we have that

� D (Q̂ k P(�j � )) � H (Q̂) = EQ̂ [logP(z j� )]

= Ezh � P (zh j �zv ; �̂ ) [logP(( �z v ; zh )j� )] :
(9)

Sincethe right-hand side of this equation is the usual EM criterion to be max-
imized in M step, and H (Q̂) does not depend on P(�j � )), we see that EM
performs an m-projection onto P in the M step.

There are two things to note if one wants to make use of this new view. First
of all, the quality of the �nal solution the algorithm presents, as well as its
convergencespeed, depends very much on the initial choice of the model P.
A natural idea is to employ a sequence of EM algorithms, all having di�eren t
model submanifolds P, and using the solution computed by each algorithm as
initialization for the next onein the sequence.Sincethe EM algorithm is iterativ e
anyway, this \c haining" doesnot even change its character. Of coursewe have
to make sure that the model family P we are really after stands at the end of
the sequence.Several advantages can in principle be realized by employing a
suitably chosensequenceinstead of one monolithic EM run:

� For our model submanifold P, it might be the casethat EM only converges
into a satisfactory solution if initialized very carefully, otherwisegetsstuck
into poor local solutions. Such an initialization often requiresan expensive

17 This distribution concentrates all the mass on the point �

v = �� v .
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search. Another common practice is to start the algorithm a lot of times
from di�eren t randomly chosen initial points. By employing a cleverly
designedsequence(see discussionbelow), the search can be done much
more principled and often more e�cien t. 18

� For our P, it might be the casethat EM takesan unacceptablelong time
for convergence,unless it is initialized very carefully. Again, a suitably
chosensequenceof individually quickly converging EM runs can often be
expected to �nd a good initialization.

This idea will be generalizedbelow, wherewe useit to obtain annealedversions
of EM.

The secondpoint to note is that one doesnot necessarilyhave to perform com-
pleteprojections (i.e. minimizations) in all the E and M steps.Equivalently , one
can restrict the search for the projections to subsetsof QU and P respectively.
In order not to get stuck in spurious extrema, we only require that a true re-
duction in D(QkP) is achieved in each step. This meansof coursethat in order
to assess�nal convergence,we have to face optimizations over the full QU and
P, but especially in early stagesof the run we can get away more cheaply. Such
restrictions can of coursea�ect the quality of the �nal solution as well as the
number of iterations neededuntil convergence,but in many casesthe bene�ts
outweight the drawbacks by far.

Having argued in very general terms so far, we will now show how several well-
known extensionsof EM arise naturally within the view presented above. We
will then motivate how some of these might be used to eventually make EM
work better on the labeled-unlabeled problem. The (so called) generalized EM
variant is obtained by allowing partial rather than complete minimization in
the M steps.GeneralizedEM sometimesruns faster due to simpler searchesin
M steps.However, in general it requiresmore iterations until convergencethan
standard EM.

The variational variant of EM systematically usespartial minimization in the
E steps. This variant is useful in caseswhere standard EM is computationally
infeasible. It replaces the full data manifold QU by a parameterized convex
submanifold Q which is chosensuch that minimization of D(�kP) over Q aswell
ascomputation of the criterion to be optimized in M step are feasible.Note that
usually Q does not contain most of the posterior distributions which standard
EM employs in the E steps,therefore the variational variant in generaldoesnot
convergenceto a local maximum of the marginal likelihood. However, if Q is
a reasonably broad submanifold of QU , the �nal solution can still be of high
quality.

18 For example, �tting of Gaussian mixtures via EM is often initialized by �rst �tting a
mixture from a restricted model family , such as the family of mixtures of Gaussians with the
identit y as covariance matrix, or by running the k-means procedure which is a limit case of
the latter.
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There are sequential versionsof EM which, in every E step, compute the pos-
terior distributions only over a subset of all latent variables in zh , and use
posteriors computed in earlier E stepson the remaining ones.In our view, this
correspondsto partial E step minimization asfollows. Let Q be the current data
distribution and P̂ = P(�j �̂ ) be the current model. Let zh = (zh1; zh2), and only
the posteriorson zh1 should be computed. We have to assumethat, by choiceof
the model family P, zh1 and zh2 are independent in the posterior P(zh j �z v ; �̂ ).
Now, we restrict the search for the new data distribution Q̂ to distributions of
the form Q̂(zh1 j �z v )Q(zh2)� (zv ; �z v ), and under this restriction the e-projection
is P(zh1j �z v ; �̂ )Q(zh2)� (zv ; �z v ), which is what sequential EM variants use.

Note that while we have the freedom to choosethe model submanifold P, the
universal data manifold QU is �xed by the de�nition above and the observed
data. On many tasks, it can be useful to sensibly restrict QU , e.g. to derive
variational variants of EM, as discussedabove. We de�ne the data submanifold
Q of an EM algorithm to be a submanifold of the data manifold QU , given the
observed data �z v . An EM algorithm is formally de�ned by the pair (Q; P). In
this de�nition, we allow Q to be nonconvex as well as incomplete in the sense
that it might not contain all of the (potential) posteriorsP(z h j �z v ; � ). In general,
the convergenceguarantee of an EM algorithm holds only if Q is convex and
complete.

In general, the EM algorithm su�ers from two basic problems. The �rst one is
that it often gets stuck into shallow local optima instead of �nding high-quality
solutions (of reasonablyhigh marginal likelihood). This is due to the fact that
the model submanifold P is usually not convex. The secondone is that on mod-
els involving structural choices(such as connectivity in a network), the M step
optimizations are often intractably hard. Both problems are especially severe
if the model family exhibits symmetries in parameterization on di�eren t levels.
These problems can in principle be addressedby carefully choosing the initial
model P, but on many models this is asdi�cult as �nding a good �t to the data
in the �rst place.A standard technique to attack such problemsis simulated an-
nealing [53]. In the context of EM, the basic idea is to run a sequence of EM
algorithms on the data, each having its own model and data submanifold. After
convergenceof onealgorithm, we usethe solution to initialize the next one.The
\art" is to choosethe (Q; P) sequencein order to achieve a somewhatcontinu-
ous transition betweenearly stageswhere hardly any shallow local optima are
present, and where it is rather easyto explore large parts of the model family in
the M steps,to late stageswheremodel and data manifolds are closeto the ones
we are aiming for. The successive solutions are, if annealing is done carefully,
better and better suited as initial models to guarantee that the �nal hard EM
run will �nd a reasonably deep optimum. For example, it has been suggested
to combine standard EM with deterministic annealing (e.g. [104],[95],[72]) to
alleviate the local optima problem. In our framework, this can be seenas run-
ning a sequenceof EM algorithms, all sharing the samemodel submanifold, but
employing di�eren t data submanifoldsobtained by constraining elements of QU

in a particular way. We therefore call it E-step annealing. If our model family P
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involves structural choices,we can also use M-step annealing (see[80]), which
involvesrunning a sequenceof EM algorithms, all sharing the samedata mani-
fold QU , but employing di�eren t model submanifolds constructed from P by a
processof \controlled randomization".

The last variant to be discussedherecould be called robustEM, sinceit is aimed
towards alleviating the robustness problems of standard EM on the labeled-
unlabeled problem mentioned above (subsection2.2). Two problems were iden-
ti�ed there. First, we need to train models to �t each classdistribution sepa-
rately. Sincea classdistribution can be very complicated, we would like to use
a broad model class.However, complicated models cannot be reliably �t using
the sparselabeled data D l . Second,early \pseudo-labeling" of major parts of
the unlabeled points in Du , basedon poor models trained on D l , can have a
devastating e�ect on the �nal prediction. A robust variant of EM would start
by �tting rather simple class models to D l . Let us separate Du into two sets
D (a)

u (\activ e") and D ( i )
u (\inactiv e"). Initially , D (a)

u = ; . In a sweepover D ( i )
u ,

we extract a few points most con�dently labeled to one of the classesby the
current model, and place them into the active set D (a)

u . We now run EM on the
data D l and D (a)

u , i.e. the latent variables are the labels of the points in D (a)
u .

The more data we are looking at, the more complex models we can consider
for �tting, therefore it seemsreasonableto broaden the model family slowly
while \injecting" more and more points from D ( i )

u . Formally, this can be incor-
porated in our view on EM as follows: z v consists of all variables in D l and
Du , zh are the labels corresponding to input points in D u . Robust EM consists
of running a sequenceof EM algorithms, each having its own model submani-
fold. For example, at a certain stage D u might be divided into D (a)

u and D ( i )
u .

We divide z v = (z (a)
v ; z ( i )

v ) and zh = (z (a)
h ; z ( i )

h ) accordingly, furthermore let

z (a) = (z (a)
v ; z (a)

h ); z ( i ) = (z ( i )
v ; z ( i )

h ). Then, the model family P has the general
structure

n
P(z j� ) = P(z (a) j� )U(z ( i ) )

o
; (10)

whereU(�) denotesthe uniform distribution. Each model is therefore really only
a model over z (a) , sinceit \mo dels" the remaining variablesby the uninformativ e
uniform distribution. By the i.i.d. assumption for D l ; Du ,

P(z (a) j� ) =
Y

(x i ;t i )2 D l [ D ( a )
u

P(x i ; t i j� ): (11)

Here, \( x i ; t i ) 2 D (a)
u " means that x i 2 D (a)

u , and t i is the associated latent
label. To specify P, we therefore only needto specify P(x ; t j� ). For this speci-
�cation, we can usebroader and broader model classestogether with increasing
size of D (a)

u . Now it is easy to seethat the posterior in the E step becomes
P(zh j �z v ; �̂ ) = P(z (a)

h j �z (a)
v ; �̂ )U(z ( i )

h ), and the criterion to be maximized in the

M step is, up to an additiv e constant, EP (z( a )
h j �z( a )

v ; �̂ ) [logP(z(a)
h ; �z(a)

v j� )]. That is,
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the components in z ( i ) , representing the data in D ( i )
u , aresimply ignored. A vari-

ant of robust EM hasbeensuggestedin [65] (the authors call it \self-training").

To conclude, the new view on EM allows us to modify the standard version
in numerous ways, many of them are yet unexplored. In the context of the
labeled-unlabeled problem, the robust variant of EM discussedin the previous
paragraphsmight alleviate shortcomingsof the standard method. Also, E step
annealing (i.e. deterministic annealing) might be useful in this context. Facing
the problem that the posterior distribution over the latent variables (i.e. the
labels corresponding to the points in D u ) has too low entropy over many of
its components during early stagesof EM (we have called this \o vercon�dent
pseudo-labeling" above), one could use E step annealing to blurr (i.e. \heat
up") these posteriors during early iterations. We have not talked speci�cally
about the casethat models themselvesmight incorporate latent variables, e.g.
encoding structural choices.In such cases,M step annealing might be helpful.

2.3 Exp ectation-maximization, using an additional sepa-
rator variable

In subsection2.2,wediscussedhow the EM algorithm together with joint models
for P(x ; t) could be usedto attack the labeled-unlabeledproblem. This involves
modeling the di�eren t classesseparately by class-conditionalmodels P(x jt; � ),
in which casethe marginal model for x is

P
t � t P(x jt; � ) (see(6) for notations).

If the class-conditional models are simple, this might be a poor model family
for the marginal distribution.

Another idea, already mentioned in subsection2.1, is to in-
tro duce a (latent) separator variable k. Under the model, k
separatesx and t in the sensethat x and t are conditionally
independent given k. This meansthat, under the model, all
the information x contains about its classt is already cap-
tured in k. This fact is illustrated in the independencemodel
on the right.

k

x t
Under this modeling assumptions,the joint log likelihood is

nX

i =1

log
X

k

� t i ;k � k P(x i jk; � ) +
n + mX

i = n +1

log
X

k

� k P(x i jk; � ); (12)

where� k = P(kj� ) and � t;k = P(tjk; � ). Again, it is straightforward to compute
the EM equations for this model (see [60]). Note that in this case,we do not
needto treat the labels of the points in D u as latent variables. Miller and Uyar
[60] present someresults using this model together with Gaussiancomponents
P(x jk; � ). The \man y-centers-per-class" casein [66] can also be seenin this
context.

It should be rather straightforward to weaken the assumptionof k being a sepa-
rator variable. This would lead to an architecture in which estimatesof P(tjx ; k)
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(e.g.by logistic regression)takeover the role of the � t;k . Typically, by the sparse-
nessof D l , the labeleddata will not besu�cien t to train these\lo cal" predictors.
This problem can possibly be alleviated by regarding the label t as latent vari-
able and applying EM to k and t (in the terminology of section 2.2.1, the data
distribution Q is kept de�nitiv e (or \clamp ed") on the observed labels). The re-
sulting predictor is

P
k P(tjx ; k; �̂ )P(kjx ; �̂ ), where P(kjx ; � ) / � k P(x jk; � ),

similar to a mixture-of-experts architecture (see [51], [101]). However, in the
latter, the gating models for P(kjx ) are diagnostic rather than generative, and
the whole architecture is trained to maximize the conditional likelihood of the
data rather than the joint one. The relationship between the two architectures
is discussedin subsection5.2.

Useof a separatorvariable should in most casesoutperform straightforward EM
(seesubsection2.2) in a comparisonwhere P(x jk; � ) and P(x jt; � ) comefrom
the samemodel family respectively, simply becausek typically rangesover more
values than the classlabel t. For example, if this model family solely contains
unimodal distributions, only the version employing k can in principle model
multimo dal class distributions. However, as already mentioned at the end of
subsection2.1, it is not clear whether this advantage is really substantial. We
might for example let k rangeover a large set of values, in which casewe might
be able to identify the marginal distribution P(x ) almost exactly, basedon a
large Du only. But since the model does not encode any prior \force" to e.g.
connectstrongly overlapping components (the \cluster assumption", mentioned
in subsection2.1), or relate components a priori in any other way, a lot of labeled
data D l is neededto associate the large number of components with the classes.
To be able to make real useof unlabeled data for supervised tasks, we not only
have to be able to identify the marginal P(x ) well, but it is also required that we
identify (to a certain degree) the connected componentsof the classdistributions.
While the former is relatively easy, given that D u is large, the latter is the real
challengeand canonly be solvedby employing prior knowledgeabout the nature
of the classdistributions. Only if we are able to identify the classdistributions
well, we can hope to realize the \exp onential value" of a labeledsampleD l (see
[15], which is also discussedin subsection3.1) to our advantage.

2.4 Exp ectation-maximization on diagnostic models

The method to be discussedin this subsectiondi�ers in several aspectsfrom the
other methodspresented in this section.First of all, wearenot surethat it canbe
applied reasonablygenerically. It hasbeenapplied successfullyto a special task,
giving rise to the so-calledCo-Training paradigm, as will be discussedbelow.
Second,the method we describe here is more an algorithmic scheme than an
algorithm. Before this schemecan be applied to a special task, prior knowledge
has to be gathered and encoded in a way such that the algorithmic schemecan
be realized exactly or approximately in a feasible algorithm. This might need
genuinely new ideas, therefore particular instancesof the algorithmic scheme,
such as Co-Training, are not consideredto be baselinealgorithms.
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As discussedin subsecion1.3.2, probabilistic diagnostic methods model P(tjx )
directly, without using the way over class-conditional density models. Tradi-
tionally , regularization of the model classf P(tjx ; � )g is done independently of
the input distribution, in which caseunlabeled data D u does not contain any
additional information about the latent � , given D l (seesubsection1.3.2). In
such a setting, modeling the labels of points in D u as latent variables makesno
sense.Intro ducing a new point from D u into the gamedoesnot lead to any new
constraints of our belief in � , sincethere is no information 
o w betweemD u and
� . Applying EM to incorporate the latent label of the new point meansthat we
�rst predict the label, given our old belief about � , which is independent of the
new point. Next, we \up date" our belief in � , basedon this prediction. However,
since this update only usesinformation that was already know before the new
point was intro duced, it cannot make our belief in � sharper in a data-driven
way.

The situation canchangeif the regularization of the model
class depends on the input distribution, as discussedin
subsection1.3.3. To clarify this claim, let us give an ex-
ample, employing the terminology of subsection1.3.3.We
model P(x ) by the family f P(x j� )g and an \Occam"
prior P(� ) on the parameters� . Input-dependent regular-
ization meansthat we employ conditional priors P(� j� ),

m q

x t
in which caseP(� ; � ) = P(� j� )P(� ) and P(� ) =

R
P(� j� )P(� ) d� . The exact

Bayesian solution, the predictive distribution P(tjx ; D ), D = (D l ; Du ), can
often be approximated by an maximum a-posteriori (MAP) solution P(tjx ; �̂ ),
where the MAP parameters (�̂ ; �̂ ) maximize the posterior, or equivalently the
joint distribution P(D ; � ; � ). Recalling the notation de�ned in subsection1.2,
we have

P(D ; � ; � ) = P(Tl jX l ; � )P(� j� )P(X j� )P(� )

=
X

Tu

P(Tu jX u ; � )P(Tl jX l ; � )P(� j� )P(X j� )P(� )

� exp

"
X

Tu

Q(Tu ) log
P(Tu jX u ; � )P(Tl jX l ; � )P(� j� )P(X j� )P(� )

Q(Tu )

#

:

(13)

In contrast to the situation where � and � are a-priori independent, proposing
latent labels Tu and running EM to compute an MAP solution might make
sensein this case.The reader might object by noting that since the Tu sim-
ply marginalize out in the joint (13), there is really no reasonto employ EM:
instead of optimizing lower bounds on the marginal likehood and using elab-
orate sequencesof alternating E and M steps, the marginal likelihood can be
maximized directly. The answer to this point is the sameas the one in the case
of �tting mixture models. When �tting a mixture model, we can compute the
marginal likelihood and the gradient thereof essentially as easily as computing
the statistics neededin the E step of EM. We could therefore use any stan-
dard optimizer to maximize the marginal likelihood directly. However, in many
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casesoptimization by EM works more e�ciently and is conceptually simpler.
The samefacts can be true in caseof diagnostic models together with input-
dependent regularization. Here, the unlabeledpoints X u constrain our belief in
� in a certain way (via the model � ), i.e. they contain information about � .
However, transferring this information \from X u to � " might often be much
easierusing the EM way over the latent labels Tu . If P(� j� ) encodessomesub-
tle contrain ts on the models P(tjx ; � ), enforcing theseconstraints directly in an
optimization, together with the \force" to achieve high likelihood on the small
set D l , might be very hard. Robust EM variants (seeend of subsection2.2.1)
might be good candidates to attack this problem. For example, let us observe
how a new unlabeled point x n + j would be \injected" in this caseto enlarge
(13). First, in the E step, the latent labels Tu are predicted using the distribu-
tion P(Tu jX u ; � ; � ), where � and � represent the current MAP models before
having seenthe new point.19 Here, x n + j has been injected into X u and tn + j

into Tu . Then, in the M step, � is updated to ~� soasto maximize P(X j� )P(� ),
this is standard MAP on the model classf P(x j� )g. Finally, we update � so as
to maximize ETu � Q [logP(Tu jX u ; � )P(Tl jX l ; � )P(� j ~� )]. This involves�tting a
diagnostic model by MAP to a dataset which is partly uncertain (the uncer-
tainty is over Tu and is represented by the data distribution Q, seesubsection
2.2.1), and there exist standard methods for this task, for examplethe iteratively
reweighted least squares (IRLS) technique (seee.g. [57]).

It is possibleto extend this method, using variational techniquesto approximate
posterior beliefsof � . This schemeis discussedin [83]. Exploring it on concrete
data and model families, such asGaussianprocessclassi�cation, remainsa topic
for future research.

The reader might have noticed that we have beenquite cautious in the formu-
lation of this algorithmic scheme.Using EM on diagnostic models is quite \slip-
pery", and it is not at all certain under what conditions on the input-dependent
regularization, represented by the conditional priors P(� j� ), it can be success-
ful. We have arguedthat it cannot work if � and � are a-priori independent. On
the other hand, it works extremely well on certain special tasks where strong
structural prior knowledge about the relationship between input distribution
and discriminant function is available. Such a caseis the Co-Training method
which hasbeenproposedin [11] to attack the problem of Web pageclassi�cation
(seesubsection3.3). The basic Co-Training algorithm can be seenas a robust
variant of EM on diagnostic models if the assumptionsproposedin [11] are en-
coded in conditional priors P(� j� ). A detailed derivation and discussionof this
view on Co-Training can be found in [83]. Using this view, the model algorithm
intro duced in this section can be seenas a generalization of Co-Training.

19 If we talk about \predicting" latent variables using a distribution R, we really mean that
we update the data distribution Q on these variables to coincide with R (seesubsection 2.2.1).
In the M step, we compute the EM criterion by taking the expectation of the complete log
join t distribution w.r.t. Q. In simple (but imp ortan t) cases,the resulting EM criterion looks
lik e the log join t distribution over a complete dataset (i.e. containing also values for the latent
variables), in which the values of the latent variables are given by their expectations under Q.
The terminology of \predicting" latent variables should be understo od in this sense.
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We �nally note that further design decisionscome up when using unlabeled
data in this context. For example,onecan split the unlabeleddataset D u , using
onepart for \injection" in a robust EM variant, as discussedin this subsection,
while the other part is usedto selecta sensibleprior P(� ) over the model class
for the input distribution.

3 Literature review

Recently literature adressingthe labeled-unlabeled problem comesfrom a cer-
tain variety of �elds. We have attempted the \unsup ervised task" to classify
these approaches into a number of clusters20. However, the aim is purely or-
ganisatorial, since this is neither the right time nor are we in a position to
formulate paradigms for the labeled-unlabeled problem. Class membership is
often \fuzzy", as will be pointed out for any single reference.In this section,we
discusssolely work which adressthe labeled-unlabeled problem directly. Some
work which is related to the problem, is discussedin section 4.

3.1 Theoretical analyses and early work

The idea of using EM on joint models to train on labeled and unlabeled data
(see subsection 2.2) is almost as old as the seminal paper [25] on (general)
EM. Titterington et al ([93], section 5.7) review early theoretical work on the
problem of discriminant analysis in the presenceof additional unlabeled data.
Most of the authors assumethe data has been generated from a mixture of
two Gaussianswith equal covariancematrices, in which casethe Bayesdiscrim-
inant is linear. They analyzethe \plug-in" method from the sampling paradigm
in which the parameters of the classdistributions are estimated by maximum
likelihood, as discussedin subsection1.3.1. If the two Gaussiansare somewhat
well-separated, the asymptotic gain of using unlabeled samplesis very signif-
icant. Also, empirical studies on �nite samplesare promising. For details, see
[68],[31],[32]. McLachlan [58] givesa practical algorithm for this casewhich is es-
sentially a \hard" versionof EM, i.e. in every \E step" the unlabeledpoints are
allocatedto oneof the populations, using the discriminant derived from the mix-
ture parametersof the previous step (note that the generalEM algorithm had
not beenproposedat that time). He provesthat for \mo derate-sized" training
setsfrom each population and for a pool D u of points sampledfrom the mixture,
if the algorithm is initialized with the ML solution basedon the labeled data,
the solutions computed by the method convergealmost surely against the true
mixture distribution with jDu j = m ! 1 . While these papers give somepos-
itiv e motivation towards the feasibility of the labeled-unlabeled problem, they
start o� from somewhatunrealistic assumptions.The prior assumption that the

20 Having available limited prior knowledge and no labeled examples at all!
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classdistributions are Gaussianwith equal covariancesis much too strong to be
sensibly applied (as prior knowledge) to nontrivial real-world tasks.

All the papers discussedso far in this subsectionfocus on generative methods,
i.e. assumeparametric forms of the class-conditional distributions. Anderson
[3] suggestsa modi�cation of logistic regression,one of the most popular di-
agnostic methods. Logistic regression(seee.g. [71], also end of subsection2.1)
models the logits log(P(tjx )=P(1jx )) ; t = 2; : : : ; c = jT j as linear functions
of x . Here, x is augmented by a dummy attribute (dimension) whosevalue is
constantly 1. If the true underlying populations are all normal and share the
same covariance, the logits are indeed such linear functions. Supervised ML
logistic regressionproceedsby choosing the linear function which maximizes
the (conditional) likelihood of the data D l . A Bayesianapproach would place a
prior on the linear function and compute the posterior distribution. A MAP ap-
proximation to BayesianGaussianprocessclassi�cation (e.g. [102]), also called
generalized penalized maximum likelihood, can be seenas logistic regressionin a
feature space(seee.g. [37]). In such purely diagnostic settings, unlabeled data
cannot help narrowing our belief in the latent function, seesubsection 1.3.2.
Anderson [3] circumvents this problem by choosinga parameterization which is
mixed from the diagnostic logistic regressionsetting and the sampling paradigm
situation. Let c = 2. The only assumption is that log(P(x j1)=P(x j2)) = � T x .
Then, P(x j1) = exp(� T x )P(x j2) and P(x ) = (� 1 exp(� T x ) + 1 � � 1)P(x j2),
where � 1 = Pf t = 1g. He now choosesthe parameters � ; � 1 and P(x j2) to
maximize the likelihood of both D l and the unlabeled data Du , subject to the
constraints that P(x j1) and P(x j2) are distributions (i.e. sum to 1). For �nite
X , this problem can be transformed into an unconstrained optimization w.r.t.
the parameters � ; � 1, using Lagrangemultipliers. For a continuous input vari-
able x , Anderson advocatesusing the form of P(x j2) derived for the \�nite X "
case,although this is not a smooth function. While this algorithm is interesting,
it is rather restricted by the assumption of a linear logit. It is not clear how to
generalizeit to the much more powerful caseof logistic regressionin a feature
space.Furthermore, for small samplesand continuous x , the form of P(x j2)
obtained by non-penalized ML is inadequate. The idea of \mixing" diagnostic
and generative techniques is probably represented in a more satisfying way in
the schemesuggestedin subsection2.3asan extensionof the algorithm of Miller
and Uyar [60].

Murray and Titterington (see[93], example4.3.11)suggestan ad hoc procedure.
Namely, they usethe labeleddata available for each classto obtain kernel-based
estimatesof the class-conditionaldensitiesP(x jt). Then, they �x theseestimates
and use EM to maximize the likelihood of both D l and Du w.r.t. the mixing
coe�cien ts (i.e. the parameters representing � t = P(t)) only.21 This procedure
is robust, however does not make a lot of use of the unlabeled data. If D l is
small, the kernel-basedestimatesof the P(x jt) will be poor, and even if D u can

21 EM w.r.t. the mixing coe�cien ts only always converges to a unique global optim um. It is
essentially a variant of the Blahut-A rimoto algorithm to compute the rate distortion function
which is imp ortan t for quantization, see[20].
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be used to obtain better values for the mixing coe�cien ts, this is not likely to
rescuethe �nal discrimination. The method is valuable if D l is rather large, but
the proportions of samplepoints from the di�eren t classesin D l do not re
ect
the true mixing coe�cien ts.

Shahshahaniand Landgrebe [85] provide an analysisaimed towards the general
question whether unlabeled data can help in classi�cation, based on methods
originating in asymptotic maximum-likelihood theory. Their argumentation is
somewhat unclear and has been criticized by various other authors (e.g. [66],
[105]). They do not de�ne model classesand seemto confuseasymptotic and
�nite-sample terms. While it is true that there are strong consistency argu-
ments for estimators like maximum-likelihood which hold asymptotically, inde-
pendently of the model class, characteristics of the models are crucial in the
�nite-sample case.Even worse, if we want to talk about the labeled-unlabeled
problem, the labeled dataset D l is small. The assumption that one can �nd
unbiased estimators in this caseis very unrealistic. Clearly one can come up
with methods that reducethe variance of an estimator by employing unlabeled
data, but there is no reasonto believe that such modi�cations will work without
intro ducing new bias. It is quite obvious that information from di�eren t sources
(here: D l and Du ) about the latent model parameter adds up. It is lessobvi-
ous how to construct a model family and a learning algorithm such that the
information of Du about � , conditioned on the choice of the model family, is
non-zero, and the algorithm makes signi�can t use of this information without
intr oducing new bias. For example(as alsopointed out in [105]), in the standard
generative model for diagnostic classi�cation, the information of unlabeleddata
about the latent discriminant is zero,whether measuredasymptotically or on a
�nite sample(seesubsection1.3.2). The parametric approach adopted in [85] is
the straightforward EM algorithm (seesubsection2.2) suggestede.g. in [59].

Another analysis of the problem which also employs Fisher information tech-
niques, is given in [105]. In this paper, the models and the data generation
processare carefully de�ned to avoid confusions,such as arise from [85]. For di-
agnostic methods, the authors show that under the standard generative model,
unlabeled data cannot help. We have already commented on this point in sub-
section 1.3.2. For generative methods, the conclusion is that unlabeled data
always helps. This is true under the assumptionsmade in the paper. However,
the analysis draws on asymptotic concepts.The Fisher information character-
izes the minimal asymptotic variance of an (unbiased) estimator only, and the
maximum-likelihood estimator is typically only asymptotically unbiased.Apply-
ing such conceptsto the casewhereD l is small cannot leadto strong conclusions.
The authors present someinteresting empirical evidenceconcerningthe perfor-
manceof transduction algorithms (discussedbelow in subsection3.7) on a text
categorization task. These results indicate that transduction algorithms might
su�er from instabilit y (or robustness)problems similar to those mentioned in
the context of the EM algorithm (seesubsection2.2). The paper alsodealswith
active learning scenarios,which are out of the scope of our review.

In [15], the labeled-unlabeled problem is analyzed starting from a very strong
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assumption, namely that we are capable of identifying all class distributions
P(x jt) exactly, using unlabeled data D u only. Even if m = jDu j = 1 , it is not
clearhow this should be achievedby an (unsupervised) learning procedure.First
of all, the authors mention that (trivially) classi�cation basedon unlabeleddata
only is not possible.Even if we have identi�ed all the classregions,we cannot
deduce\whic h is which" without any label information. They then continue to
show that if we have identi�ed all the classregions,the optimal error probabilit y
for n labeledsamplesconvergestowards the Bayeserror exponentially fast in n.
Although the authors proposeto addressthe more realistic caseof �nite m in a
subsequent paper, we are not aware of such work in the moment. Given assuch,
the paper motivates the approach mentioned in subsection2.1, namely to use
a strong unsupervised technique to identify all class regions (or all connected
parts of class regions), based on D u only. The authors show that, once this
task is achieved, labeling these parts is fairly easy (in terms of the size of D l

required). However, their assumptionsare too strong to be met in practice. It
would be more interesting to investigate the value of labeled samplesunder the
much weaker assumption that only the marginal P(x ) is identi�able.

3.2 Exp ectation-maximization on a join t densit y model

We have decided to classify \solutions" of this kind as baselinemethods only
(seesubsections2.2,2.3), partly because�lling in missing information by EM
is a standard technique, partly becauserunning EM on most labeled-unlabeled
problem instances does not work well enough empirically to be called a solu-
tion.22

The work of Miller and Uyar [60] has already beendiscussedin subsection2.3.
The authors suggest,as a variant, to treat the classlabel t as a secondlatent
variable alongside the separator k (the data distribution would be de�nitiv e
(or clamped) on the points from D l , seesubsection2.2.1), and to apply EM to
both. An e�ect of this variation is to make the lower bound of the EM criterion
on the marginal log likelihood worse, however both variants come with the
sameguaranteeof convergenceinto a local maximum of the marginal likelihood.
On the architecture proposed by Miller and Uyar, we would expect them to
exhibit comparable performance, indeed this is what the authors �nd in their
experiments. The latent label variant might be advantageouswhen extending
this architecture, as suggestedin subsection2.3.

Nigam et al [66] present a casestudy which addressesthe question whether
unlabeled data can help to improve a Naive Bayes text classi�er in the caseof
small D l .23 They use EM on a joint model, as discussedin subsection2.2, as
well as two simple extensions.First, they suggestweighting the two sums in

22 As mentioned at the beginning of section 2, beating a purely supervised technique based
on small D l is not su�cien t to conclude that a method succeedsin solving the problem.

23 The Naiv e Bayes assumption prop osesmodels for text pages under which all words on a
page are conditionally independent, given the class label of the page.
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the joint log likelihood (6), corresponding to D l and Du respectively, unequally.
While it is reasonableto treat points from D l and Du di�eren tly , simply because
otherwise we run the risk that the much more informativ e labeled points are
dominated by the sheeramount of available unlabeled points, and while intro-
ducing a weighting factor in the joint log likelihood is straightforward, this mod-
i�cation is not a probabilistic one (the modi�ed criterion is not a log likelihood
function anymore), and the weighting factor has to be chosenusing heuristics
(using cross-validation for this purpose is unwise since D l is very small). The
other extension, namely modeling each classby more than one center, can be
seenas a special caseof the EM technique discussedin subsection2.3. We have
already criticized the useof standard EM to attack the labeled-unlabeledprob-
lem in subsection 2.2. This critique applies nicely to the setting discussedin
[66], since the Naive Bayesassumption leads to extremely poor models for the
class-conditionaldistributions. However, the paper is not intended as to provide
genuinely new solutions, and given that, its merits are considerablein that it
clari�es joint model EM techniques, notes problems related with these tech-
niques,provides an extensive casestudy and contains a very detailed sectionon
related work. A later paper [65] extends the casestudy, including more robust
EM variants (seesubsection3.3).

In [56], the authors try to combine an EM algorithm on a joint probabilit y model
(see[66] and subsection2.2) with an active learning strategy, namely the query-
by-committee (QBC) algorithm ([84], seealso[30] and subsection4.1), to attack
an instance of the labeled-unlabeled problem in text classi�cation. The idea is
to overcomestabilit y problems of standard EM by injecting unlabeled points
oneat a time. Given a large pool of unlabeleddata, the authors initialize EM by
training on the labeleddata only. They then usea criterion derived from QBC to
selecta few \most informativ e" points amongthe unlabeledones,transfer them
(together with their latent labels) into the EM dataset and rerun EM. This is
iterated until someconvergencecriterion is met. While the combination of EM
and active learning is a very original idea, we found the particular realization of
this idea presented in [56] somewhatdistorted by the useof a host of heuristic
intermediates betweenQBC and EM. For example, the criterion used to value
the informativ enessof an unlabeled text page is obtained by multiplying the
QBC criterion with a heuristic measurefor the density of P(x ) around a doc-
ument. And the QBC criterion is somewhat distorted, in the following sense:
the basic idea of QBC is to select query points x so as to maximally reduce
variance of the discriminant ensemble represented by the posterior distribution
given by the data observed so far. On a �xed x , this variance can be measured
by sampling a �xed number of discriminants from the posterior and evaluating
them on x . McCallum and Nigam [56] also produce such a sample, but then
they run EM to convergencestarting from each parameter vector in the sample,
and replace the initial by the �nal, converged vector. It is not clear to us at
all if the committee basedon this set of parameter vectors ful�ls requirements
to estimate variance, as is done in QBC. In their experiments, the authors are
surprised to �nd that this \distorted" version of QBC does not improve upon
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the much more e�cien t undistorted variant followed by a single EM run. The
authors �nd that the proposedmethod outperforms standard EM on the same
joint model family (see[66]). It would be interesting to comparethe active selec-
tion method with other robust variants of EM (e.g. seeend of subsection2.2.1,
also \self-training" in [65], seesubsection3.3).

3.3 Co-T raining algorithms

Co-Training is a learning paradigm which has recently beenproposedin [11] to
addressproblems where strong structural prior knowledge is available. It has
been mentioned in subsection 2.4 that Co-Training can be seenas Bayesian
inference, and the basic Co-Training algorithm as a robust variant of EM to
compute an MAP approximation to Bayesianinference,if the assumptionof the
\compatibilit y" of the target conceptwith the input distribution is encoded via
conditional priors to attain an input-dependent regularization (seesubsection
1.3.3). We refer to [83] for details.

Co-Training is a simple (yet very e�ectiv e) idea, therefore it doesnot comeasa
surprise that related ideashave beenusedin earlier work on unsupervisedlearn-
ing. We begin by reviewing someof this work. Becker and Hinton [5] proposethe
IMAX strategy to learn coherence structure in data. Quoting [6], the approach
is \to maximize somemeasureof agreement betweenthe outputs of two groups
of units which receive inputs physically separated in space,time or modalit y
(: : : ). This forcesthe units to extract featureswhich are coherent acrossthe dif-
ferent input sources".The latter claim seemsreasonable,given that the model
families are carefully regularized,although we are not aware of theoretical work
backing it. For simplicit y, let us focus on the exampleof detecting shift in ran-
dom dot stereograms.Here, x 2 G2� d

2 ; G2 = f 0; 1g. If s 2 Z denotesa small,
unknown o�set, a point x is sampled as follows: the �rst row is drawn from
the product of d Bernoulli variables with p = 1=2. The secondrow is the same
as the �rst, but shifted by s positions.24 In a strong sense,the only coherence
betweenexamplessharing the sames is exactly the amount of this shift. Now
imagine two model classesf Pi (t jx ; � i )g; i = 1; 2. t rangesover a �nite set whose
size is chosena-priori, although it is possibleto learn this size from data using
a sort of second-level inference (we skip this for simplicit y). The idea is that
models from class i only get to seea particular part of each point x , de�ned
by a window Wi = (l i ; r i ); 1 � l i < r i � d. To be speci�c, models from classi
are fed by [x ]i = (x j k ) j =1 ::: 2;k = l i ::: r i , where x = (x j k ) j;k . The two windows are
non-overlapping and usually do not cover the whole range1: : : d. For each exam-
ple drawn as detailed above, the particular amount of shift is coherent between
these two views on the point. Both models classesare appropriately regular-
ized, e.g. using Occam priors. The goal is to learn models � 1; � 2 which identify
the shift present in each particular pattern, i.e. group examplesinto the same

24 If s is generally small compared to d, it doesnot really matter what we do at the margins,
but let us say for simplicit y that the �rst row is rotated by s positions to form the second, i.e.
the free space at the one end is �lled with the elements pushed out at the other end.
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cluster t if they exhibit the sameamount of shift. Becker and Hinton showed
that this task can be solved in an unsupervised manner, by maximizing the
samplemutual information betweenthe outputs of two units, one from each of
the model classes.To be speci�c, for � 1; � 2 de�ne the random variables t1; t2 to
have the joint distribution P(t1; t2j� 1; � 2) = Ex [P1(t1 jx ; � 1)P2(t2jx ; � 2)], where
the expectation over x is w.r.t. the empirical distribution given by the dataset.
The marginals are P(t i j� i ) = Ex [Pi (t i jx ; � i )]. The samplemutual information,
or the \IMAX criterion", is then de�ned as

I (t1; t2j� 1; � 2) = E t 1 ;t 2

�
log

P(t1; t2j� 1; � 2)
P(t1j� 1)P(t2 j� 2)

�
; (14)

where the expectation is over P(t1; t2j� 1; � 2). Note that this criterion is mini-
mal if t1; t2 are independent, maximal if they are deterministically related, e.g.
identical. The IMAX strategy is to maximize the criterion, given an appropriate
regularization on the two model classes.If regularization is done using Occam
priors P(� i ), one could for example maximize the sum of the IMAX criterion
and the both log priors. The work of de Sa [23] is related in that we train two
families of models (logistic regressionmodels in her work), each being fed by a
di�eren t view on examples.These views are di�eren t in modalit y, an example
would be sound and lip imagesin order to decode speech. The models are seen
as hard discriminants, and the system is trained to minimize the fraction of
training exampleson which the two units disagree.This is suboptimal for lo-
gistic regressionmodels, sincethe con�dence information given by these\soft"
estimators is neglected.

We think that a thorough theoretical analysis of IMAX and related schemesis
very di�cult. However, we can give someintuitiv e ideaswhy they might work.
Learning regularities (lik e classidentit y, coherence,: : : ) from a restricted view
on examplesis conceptually easierthan from a complete representation. This is
partly due to limited data, with which spacesof lower dimensioncan be covered
easier, partly due to our (present) inabilit y to construct good model families
for high-dimensional data25, partly due simply to limited computing resources.
Therefore, if a certain coherenceis exhibited (almost) as clearly in a restricted
view as it is in a complete representation, and using this coherencepays o�
strongly in an attempt to e�cien tly encode the data (seesection 1), then it is
much more likely that a common learning scheme discovers this coherenceon
the restricted view, even if trained in an unsupervisedmanner. Now, by linking
the units operating on di�eren t views, e.g. in the IMAX fashion, the discovered
information is instantly passedto the \partner model", in much the sameway as
a teacher passesinformation to a student in a supervised learning scheme.This
is a particularly nice example of Occam's razor to drive unsupervised learning.
As soon as oneof the units discoversa meansto exploit (part of) the coherence
in the data, this is, simply by its potential to compressthe data drastically,

25 We (at least, we!) do not even have a good understanding of how simple families of
distributions, such as rather small mixtures of Gaussians, behave in high-dimensional spaces,
in the sensethat we do not clearly understand how they combine their volumes to �t data.
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taken for \reliable truth" which can be passedto partners in a teacher-student
manner. Note that if the discovered \coherence" is spurious, i.e. the \student"
cannot detect it using its own view, its inabilit y, within its own \regularized
simplicit y", to synchronize with the teacher can in turn in
uence the teacher to
give up on the idea or to assigna lower importance to it.

The work discussedso far in this subsectioncould be usedto attack the labeled-
unlabeled problem as follows: supposewe have someprior knowledge about a
particular coherencewhich should hold betweenexamplesof the sameclass,but
(at least to a certain degree)not acrossclassboundaries.Such coherencesare of
coursestrongly dependent on the representation (the \features") of examples.
A simple meansto �nd such coherenceis to look for di�eren t views (di�eren t
in modalit y) on the examples,e.g. coming from physically di�eren t information
sources.Another idea is to identify groups of transformations acting on the
representation x of exampleswhich (most probably) are invariant w.r.t. class
identit y (this idea is very important in �elds dealing with object recognition
in images, seesubsection 4.3). Given such coherenceinformation, we can try
to �nd di�eren t views on our exampleswhich ful�l the following criteria: they
should be \as di�eren t as possible", e.g. coming from di�eren t physical sources.
Ideally, they should be conditionally independent, given the class identit y of
the example, i.e. the only information shared between them should be about
the class label. They should also be aimed towards exhibiting the particular
coherenceclearly in isolation. Ideally, although each of the views only describes
part of the information contained in an example, one should be able to learn
the particular coherencefrom only this view on examples\essentially as easy
as" from complete representations. For example, the shift in random dot stere-
ograms,as discussedabove, is represented to the samedegreein the full matrix
x and in a windowed part of it. Given all this prior work, we can run IMAX or
the algorithm of de Sa,using model classesand regularizations of our choice, to
learn a soft partitioning of the examplespacein an unsupervisedmanner, using
Du as training data. Afterwards, we use the labeled data D l to assignclusters
to classes.This is related to the generalschemediscussedin subsection2.1. The
relations to Co-Training are discussedfurther below in this subsection.

The Co-Training paradigm was intro duced by Blum and Mitc hell [11], seealso
[63],[83]. The idea is to exploit a particularly strong kind of coherence(in the
sensediscussedabove), namely the notion of compatibility between di�eren t
viewson an examplex . We write x = (x (1) ; x (2) ) 2 X = X (1) � X (2) . Blum and
Mitc hell are interested in classi�cation of Web pages,they suggestto describe
a Web page from two di�eren t views: a representation of the words on the
page,and a representation of the words in all hyperlinks pointing to the page.
Note that if a classi�cation systemmakessense,within-class coherencebetween
examplesshould be learnablefrom each of theseviews in isolation. A hypothesis
� on X is compatible with the input distribution P(x ) if there are hypotheses
� (1) ; � (2) on X (1) ; X (2) respectively, such that for any x = (x (1) ; x (2) ) from the
support of P(x ) (i.e. P(x ) > 0) we have that � ; � (1) and � (2) predict the same
class label on x ; x (1) and x (2) respectively. The compatibilit y assumption of
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Co-Training restricts the latent hypothesis� to be compatible with the (latent)
input distribution P(x ). Given this assumption, Blum and Mitc hell suggest
a simple algorithm to learn the classi�cation using a small labeled dataset D l

together with a large unlabeledone,D u . This works by updating a set of labeled
data, Dw , and hypotheses� (1) ; � (2) on X (1) ; X (2) respectively. � (1) and � (2) are
�tted to Dw , and are ideally error-free on this set. Initially , D w = D l . One now
injects new points from Du into Dw sequentially , by labeling them using one of
the � ( j ) and retraining the other on the augmented D w . The roles of \teacher"
and \student" are alternated between � (1) and � (2) after each injection. This
algorithm can easily be understood as an instance of the robust EM scheme
on diagnostic models, described in subsection2.4. The notion of compatibilit y
betweenthe views is encoded in a conditional prior P(� j� ). Instead of a model
for the input distribution, we estimate its support only, which we refer to as
� here. We then set P(� j� ) = 0 for all � which are not compatible with the
support � . A detailed derivation of Co-Training as a variant of diagnostic EM
can be found in [83]. Blum and Mitc hell also give someinteresting theoretical
analysisof Co-Training. Unfortunately , they employ the very strong assumption
that the viewson x areconditionally independent, giventhe classlabel. It would
be very interesting to get theoretical insight into caseswith weaker assumptions.

Both IMAX-lik e schemesand Co-Training employ a feature split and coherence
between the di�eren t views to learn from unlabeled data D u . The coherence
is a kind of redundancy in unlabeled examples,and this redundancy is useful
information towards a meaningful grouping of the examples.However, there are
important di�erences. IMAX and related schemesarepurely unsupervised,while
Co-Training leadsto supervisedmethods. IMAX is designedto learn a grouping
which corresponds to the coherencewhich is expected, by prior knowledge, to
hold between the di�eren t views on examples. If t denotes the corresponding
grouping variable, IMAX requires the views on x to be selectedsuch that they
are conditionally independent, or at least only weakly conditionally dependent,
given t. If this doesnot hold, IMAX will probably learn a di�eren t grouping, or
fail to learn a meaningful grouping at all. For example, if the two windows in
the random dot stereogramssetting (discussedabove) overlap, IMAX might fail
becauseof low-order conditional dependencies(given t) betweenthe views26. In
Co-Training, we usea feature split which is chosensuch that coherencebetween
the views is compatible with class identit y. However, this split is used merely
as a sort of \information bridge" betweenunlabeled data and our belief in the
latent hypothesis � , not as essential characteristic of the grouping induced by
� . While unlabeled data can be used most e�ectiv ely if the views on x are
conditionally independent or only weakly conditionally dependent, given t, we
would expect that Du can boost the performance, compared to classi�cation
basedon D l alone, given somewhatweaker assumptions.

Collins and Singer[19] apply the Co-Training paradigm to the problem of named
entity classi�cation. Here, one is interested in classifying entities which are

26 Thanks to Chris Williams for pointing this out.
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uniquely represented by names.The classi�cation system would be, for exam-
ple, persons,cities and companies.Although the correspondenceis one-to-one,it
cannot be represented by a small systemof simple rules. One thereforeaugments
the description of the entit y by features which can be extracted automatically
from samplesin which the entities occur. An example would be to extract the
context of the name in text pagesin which the namesoccur. Another idea is to
look at the concretespelling of the name. It is clear that one can �nd di�eren t
views on the named entities satisfying the Co-Training requirements. The most
interesting part of the paper is the development of co-boosting, namely an ex-
tension of the very powerful AdaBoost algorithm (see[29], [73]) for supervised
classi�cation to attack the labeled-unlabeledproblem. This extensionis surpris-
ingly simple, yet very elegant, and the algorithm could prove very competitiv e
amongexisting labeled-unlabeledalgorithms. However, as the authors report, it
su�ers in principle from the samerobustnessproblemsthan EM (seesubsection
2.2) or existing transduction algorithms (seesubsection3.7). The algorithm was
in some casesfooled by apparent simplicit y in the structure of the unlabeled
data and exhibited largebias,although the information in the labeleddata could
have beenusedto detect the failure.

Nigam and Ghani [65] present a casestudy comparing standard EM (seesub-
section 2.2, also [66]), basic Co-Training (as suggestedin [11]) and somerobust
EM variants (seeend of subsection2.2.1), partly on data from natural sources,
partly on arti�cially created datasets.The task is again text classi�cation. This
paper is very valuable ascomparative study and contains someinteresting ideas
of how to increasethe robustnessof standard EM or how to combine the \b est of
both worlds" (Co-Training and EM employing class-conditionalmodels). How-
ever, the authors confuse some points. First of all, they do not realize that
basic Co-Training is a form of (diagnostic) EM, seesubsection2.4. Therefore,
if they compare Co-Training against versions of generative EM (i.e. EM em-
ploying class-conditional models) which try to make use of the feature split
prior knowledge27, this has more the notion of comparing the diagnostic versus
the sampling paradigm for the labeled-unlabeledproblem. Second,they criticize
\EM | the algorithm with a strong probabilistic foundation" ([65], section6.2),
becauseit performs worst in their experiments. They do not realize that their
\b est performer", an algorithm they call \self-training" (seeend of subsection
2.2.1), is just another version of EM, based on the same strong probabilistic
foundation than the worst-performing standard batch EM. This foundation is
detailed in subsection2.2.1.

Goldman and Zhou [36] proposean algorithm to addressthe labeled-unlabeled
problem which is related to Co-Training. It does not employ a feature split
(or di�eren t views on the examples),but incorporates two very di�eren t model
classes.At any time, the current discriminant is represented by two models,one
from each class. The models are initially chosen by training on D l only. The
algorithm then works by, in turn, identifying points among the remaining ones

27 The authors call this variant \co-EM".
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in Du on which one of the models predicts very con�dently , and adding them
to D l together with the predicted pseudo-label. On the positive side, the paper
addressessomeimportant robustnessissues,such as the dangerof accumulating
\classi�cation noise" in D l by incorporating a certain number of incorrectly
labeled points from Du . The authors propose safeguardsagainst these issues
which seem rather conservative to us. Our problem with this paper is that
the authors apply a host of tests from classical statistics, sometimes testing
hypothesesagainst each other which are conditioned on completely di�eren t
events (such as di�eren t partitions of the input space| their model classes
are classi�cation trees). We do not think that the assumptionson which these
classical tests are basedreally hold in all the di�eren t situations the tests are
applied here. A concreteweaknessseemsto be the frequent useof 10-fold cross-
validation using the labeleddata D l . If n = jD l j is rather small, cross-validation
exhibits high varianceand is not very useful for model selection,especially if it is
usedvery frequently to addressall sorts of di�eren t modeling questions.In short,
the idea to employ very di�eren t model classesinstead of a feature split, if this
is supported by prior knowledge,is interesting and should be investigated28, but
the particular algorithm suggestedin [36] should probably be shaved a bit under
Occam's razor. Note that Seeger[83] proposesa generalization of Co-Training
in which the issuesthat Goldman and Zhou attack heuristically, are dealt with
in a principled Bayesian way. We have not checked whether this approach is
feasiblefor the architecture of Goldman and Zhou.

3.4 Adaptiv e regularization criteria

The basicidea behind adaptive regularization criteria is that criteria to be mini-
mized in supervisedsettings, likegeneralizationerror or expectedloss,involvean
expectation over the (unknown) input distribution P(x ). Simply stated, making
mistakesin regionswhere P(x ) is large, hurts more (in terms of thesecriteria)
than mistakesin regionsof low density of P(x ). The over�tting problemis likely
to arise if a complex model is �tted to sparsedata. When we \�t a complex
model to data", what we really do is we choose,among all the functions (or re-
lations) this model is able to represent, one which is compatible with the data.
Sincethe model is complex, it usually can represent a large number of functions
which are all compatible with the data, but show very di�eren t behaviour away
from the data. Our criterion givesus no further rules or constraints of how to
chooseamong these, and a random choice is likely to generalizebadly to un-
seendata. Regularization basedon Occam's razor gives us an additional rule:
prefer simple over complex functions. The concrete meaningsof \simple" and
\complex" of coursedepend on the task and on available prior knowledge.The
point to be made in this subsectionis, however, that the Occam assumption of
simplicit y should really only be enforced in regions where input points x are

28 It is related to \learning how to learn" or multitask learning, seesubsection 4.2.
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likely to be found.29 In other words, regularization backed by Occam's razor
should be dependent on the input distribution P(x ), seesubsection1.3.3.

Schuurmans [78] captures this kind of input dependenceby de�ning a natural
metric betweenhypotheses.Given a symmetric lossfunction l on T � T (recall
that T is the set of possiblevaluesfor the target t), the expected lossof a hypoth-
esish : X ! T is d(h; P(tjx )) = Ex [E t � P ( t j x ) [l (h(x ); t)]]. This suggeststhe de�-
nition of a natural metric betweenhypothesisg; h by d(g; h) = Ex [l (g(x ); h(x ))].
Now, if we are given an hypothesisspaceH and de�ne H ext = H [ f P(tjx )g, it
is easyto show that if l is a pseudometricon T � T (as is the casefor common
lossfunctions like squarederror in regressionestimation or zero-onelossin clas-
si�cation), d, as de�ned above, is a pseudometricon H ext , in particular d ful�ls
the triangle inequality. Now, supposewe construct a hierarchy H 1 � H 2 � : : :
of increasing complexity, and within each H i we select hi 2 H i which best �ts
the data D l . Then, by the triangle inequality, we must have

d(hi ; hj ) � d(hi ; P(tjx )) + d(hj ; P(tjx )) (15)

for any i < j . Schuurmans argues that one can estimate the left-hand side
fairly accurately, given a large unlabeled sample D u , while the expected losses
on the right-hand side are estimated using D l . Over�tting occurs if these em-
pirical lossesare grossly di�eren t from the true expected losses,and in this
casethe former are almost always strong underestimates of the latter. There-
fore, onceinequality (15) is violated after plugging the estimatesin placeof the
true, unknown quantities, we can conclude that over�tting has occured. Schu-
urmans proposesa model selection procedure in which we select hypotheses
hj 2 H j ; j = 1; 2; : : : , until the estimated version of (15) is violated for some
i < j . The procedurethen outputs hj � 1. Empirical results are promising in the
caseof regressionestimation with polynomials. However, the technique might
still exhibit over�tting, simply becausethe triangle inequality (15) is usually far
from tight. An extensionof this strategy, called ADJ, attempts a �rst-order bias
correction betweenthe pseudometricd and its estimatedversion,say d̂. In a later
paper [79], Schuurmans and Southey get rid of the a-priori hierarchy and focus
on criteria which are additiv e or multiplicativ e combinations of the empirical
loss d̂(h; P(tjx )) and a penalty. They then proposepenalties basedon the idea
that over�tting of h can sometimesbe detected by comparing, for some�xed
origin function � , the distancesd(h; � ) (which can be estimated reliably using

29 It is not our plan to go into discussions about foundations of Occam's razor here. Some
people think Occam's razor is backed by evolutionary theories in which complex structures
evolve from very simple initial conditions by accumulation of many small random changes
together with selection processes.In this context, simple solutions to a problem are more
lik ely to be found than complicated ones, given that the sequenceof selection processeswhich
have been activ e during the evolution of the solution is not too unusual. Evolution of such
solutions is, however, conditione d on the particular situation surrounding the problem, since
this situation creates the selection processeswhich give evolution a non-random direction. For
example, human cells work very e�ectiv ely and in many aspects surprisingly simple, but only
given that the temp erature lies within a narrow range. In conclusion, \simplicit y" has to be
graded conditione d on the situation which the particular task is expected to be in.
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Du ) and d̂(h; � ) (estimated basedon the input points of D l only). It is impor-
tant that � is chosena-priori, without having seenany data. The penalties can
be motivated nicely if � = P(tjx ), while such a choice is of courseunrealistic.
The motivation gets somewhat weaker in the casewhere � is chosenarbitrar-
ily. Empirical results on a polynomial regressionestimation task show that the
method is very competitiv e, while results on classi�cation are lessconvincing.
It is interesting that, empirically for regressionestimation, a quite aggressive
multiplicative penalty outperforms an additiv e penalty basedon the sameidea,
since most regularization strategies currently in use (including Bayesian MAP
estimation) employ additiv e penalties. We further note that the additiv e cri-
terion in [79], as applied to regressionestimation with squared-error loss, has
already beensuggestedin [16]. However, Cataltepe et al [16] do not give a very
convincing theoretical motivation.

To conclude,adaptive regularization criteria are basedon the notion of input-
dependent regularization (seesubsection1.3.3and [83]). While the criteria sug-
gested in [78], [79] are reported to work well on regressionestimation tasks,
the reported results for classi�cation are lesspromising. In the latter, the infor-
mation each labels contains about the latent function is lessdirectly accessible
than in regressionestimation. It is also not clear how to inject available prior
knowledge into the proceduressuggestedin [79], but we are very interested in
following up this very recent line of research.

3.5 The Fisher kernel

The Fisher kernel, as proposed in [46], is the �rst general and principled at-
tempt to exploit information from a generative model �tted to the input dis-
tribution P(x ) in one of the most powerful currently available classesof dis-
criminative classi�ers, namely kernel methods such as Gaussian processes(e.g.
[103],[100],[54]) or Support Vector machines(e.g. [99],[13]). In a nutshell, kernel
methods are diagnostic schemes(seesubsection1.3.2) in which the prior distri-
bution over the latent function30 is a Gaussian process, speci�ed by a positive
de�nite covariance kernel (e.g. [40]). The covariance kernel inducesa \natural"
distancein a feature space,and the Fisher kernelattempts to adapt this distance
in a highly genuine and interesting way to information about the distribution
of input points, drawn from a model �tted to P(x ). One of the main di�culties
in constructing adaptive kernels is that they need to ful�l the requirement of
positive de�niteness, i.e. that they can be seenas inner products in somelinear
space(e.g. [40]). Finding decent kernelson \un usual" (but very important) input
spacesX (such as spacesof variable-length sequencesor of discrete structures)
is challenging, and not many generalsolutions are available (e.g. [40]). But even
in the caseX = Rd it seemsquestionableto employ families of standard kernels
on highly speci�c tasks (as is done usually) where labeled data D l is sparse,

30 In the two-class case (i.e. jT j = 2), the latent function represents the log-ratio between
the two classesat each point � , also called the logit .
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simply becausethe kernel encodesour prior knowledgeabout the task, and the
standard kernelsavailable o�er few, rather vaguepossibilities for doing so. In a
sense,when running kernel methods together with standard kernels,we ignore
the (probabilistic) geometry of X in the same way as if we employ standard
distanceslike squared-erroror imposeuncorrelated Gaussiannoisein situations
where we should know better (seee.g. [90]).

The naive Fisher kernel is

K (x (1) ; x (2) ) = r � logP(x (1) j� )T F � 1r � logP(x (2) j� ); (16)

where f P(x j� )g is a model family used to �t P(x ). If �̂ denotesa maximum
likelihood estimatebasedon D u , the gradients areevaluated at �̂ , and F denotes
the Fisher information matrix, given by

F = Ex � P (x j �̂ )

�
r � logP(x j� )r � logP(x j� )T �

; (17)

where again the gradients are evaluated at �̂ . By exponential embedding, one
can construct a family of in�nitely divisible kernels(seee.g.[40] for theseterms)
basedon the naive Fisher kernel. Several motivations have been given for the
Fisher kernel (see[46],[45]), none of them are easily accessibleor in the scope
of this report. Probably the most direct line goesvia an information-theoretic
perspective, given by the authors of [46] in an unpublished workshop talk. This
motivation is picked up and extendedin recent, ongoingwork by the author (see
[82]). There, a number of ways are suggestedof how one might improve upon
the basicFisher kernel, although theseare not yet su�cien tly tested empirically.
The Fisher kernel has beenapplied successfullyto discrimination betweenpro-
tein families ([46], [44]), where the proteins are represented by their amino acid
sequenceand families are �tted using hidden Markov models(HMM) . It hasalso
been applied to document retrieval [42]. Attempts to apply the Fisher kernel
to the caseX = Rd, where P(x ) is �tted by a Gaussianmixture, are reported
to have failed so far (e.g. [90]). Whether this is a problem of the way Fisher
kernelsmake useof the generative information, or more to do with the nature
of the Fisher kernel being a very crude approximation to an information score,
the latter still being sensiblefor mixture models, is unclear so far. In [82], sug-
gestionstowards more accurate approximations of the underlying (intractable)
information scorein caseof mixture models will be given.

To conclude, the Fisher kernel covers new ground in that it is a general tech-
nique of using information from generative models within diagnostic classi�ca-
tion schemes,asopposedto the straightforward schemedictated by the sampling
paradigm, in which all classeshave to be modeled separately (see subsection
1.3.1). While in the caseX = Rd, diagnostic methods often outperform genera-
tiv e methods by far, the latter are still the primary option in caseswhereX can-
not befeasibly imbeddedinto an Rd (e.g.X consistsof variable-length sequences,
for example in speech recognition or BioInformatics tasks). Support Vector (or
Gaussianprocess)classi�cation, together with a Fisher kernel, can outperform a



3 LITERA TURE REVIEW 42

generativescheme(using comparablemodeling e�orts) signi�can tly , ashasbeen
demonstrated in [44]. The claim of the authors in [46], namely that the Fisher
kernel consistently outperforms an \equivalent" generative scheme,can only be
proved under certain strong assumptions (not made very clear in the paper)
which often do not hold in practice. The geometry of feature spacesinduced by
kernels is imperfectly understood so far, although somework has beendone in
this direction (e.g. [12]). Sincekernel methods are essentially linear machines in
these feature spaces,understanding properties of this geometry might be valu-
able for encoding available prior knowledge about a task (e.g. [77]). Haussler
[40] gives a comprehensive intro duction to the problems of kernel design and
suggestsgeneralmethods to construct kernelsfor \un usual" X (e.g. containing
discrete structures) which are di�eren t from the Fisher kernel.

We �nally remark that the Fisher kernel can be seenas an instance of regular-
ization dependent on the input distribution (seesubsection1.3.3). Details can
be found in [83].

3.6 Restricted Bayes Optimal Classi�cation

Tong and Koller [94] suggesta generalframework for combining generative and
diagnostic methods for classi�cation, which di�ers from Bayesiananalysis with
conditional priors (seesubsection1.3.3). The usual framework for regularized
discrimination usesa loss function L (h(x ); t) (where h(x ) is a hypothesis) and
a regularization functional R(h), both mapping to the positive real axis. R is
used to enforcecharacteristics of hypothesesthat we a-priori believe in, by pe-
nalizing hypothesesviolating thesecharacteristics with larger values.According
to Occam's razor (seesection 1), many regularization functionals actually pe-
nalize complicated hypotheses31. The idea is now to select a hypothesis which
minimizes the tradeo�

EPemp [L (h(x ); t)] + � R(h) =
1
n

nX

i =1

L(h(x i ); t i ) + � R(h); (18)

where Pemp (x ; t) = n� 1 P
i � ((x ; t); (x i ; t i )) denotesthe empirical distribution

of the data D l , and � is sometradeo� parameter, e.g.chosenby cross-validation.
Examplesof this framework include Support Vector and MAP Gaussianprocess
classi�cation. In general, the MAP approximation to Bayesian discrimination
(seesubsection2.4) falls into this class.

For restricted Bayes optimal classi�cation, Tong and Koller use a generative
method to estimate the joint data distribution P(x ; t) from the complete ob-
served data D l ; Du . Call the estimate P̂(x ; t). Now, instead of minimizing (18),
they suggestto minimize

EP̂ [L (h(x ); t)] + � R(h): (19)

31 However, it seemsto be frequently overlooked by some researchers criticizing the \sub jec-
tivit y" of Bayesian priors, and preferring Occam regularization, that the notion of \complex-
it y" depends very much on the task, i.e. on the prior knowledge we have about it.



3 LITERA TURE REVIEW 43

In other words, they replace the empirical loss by the expected loss under the
joint estimate P̂ . They prove some interesting theorems, giving yet another
interpretation to maximum margin hyperplanes, a generalization of which is
Support Vector classi�cation (e.g. [99]). Namely, suppose we estimate P(x jt)
by Parzen Windows with Gaussiankernels, i.e. by the sum of radial Gaussians
centered on the points x i of D l , with common width � . For a given � > 0, let
h� be the hyperplane in X which attains the lowest error E P̂ (x ;t j � ) [h(x ) 6= t].
This amounts to using the zero-one lossL (h(x ); t) = I f h (x )6= t g. Then they show
that for � ! 0, h� convergesto the maximum margin hyperplane, i.e. the one
hyperplanewhich classi�es the data D l correctly and lies most distant from the
convex hulls of positive and negative points (in two-classclassi�cation).

We can compare this framework directly with the MAP approximation to
Bayesian analysis with conditional priors. There, we employ the negative log
likelihood loss L (h(x ); t) = � logP(tjx ; h). Standard supervised MAP classi�-
cation then amounts to minimizing (19) with R(h) = � logP(h), where P(h)
denotesthe prior distribution for h. Let us now assumethat we model the input
distribution P(x ) by P(x j� ), and that we employ conditional priors P(hj� )
(seesubsection1.3.3). Then, it is easyto show that MAP within this modi�ed
data generation model amounts to minimizing (19) with

R(h) = � log
Z

P(hj� )P(� jDu ; X l ) d� : (20)

In others words, while restricted Bayesoptimal classi�cation modi�es the em-
pirical losspart in (19) basedon a generative model �tted to the input data, in
MAP with conditional priors we modify the regularization functional, i.e. the
\e�ectiv e" prior. Note that if the labeled dataset D l is small, we would not
expect that changing the losspart in (19) hasa major e�ect on the �nal choice,
as is somehow re
ected in the experimental results reported in [94].

3.7 Transduction

Transductive inference, as opposedto inductive inference, is a principle which
has been intro duced into learning theory by Vapnik (see[97],[99]). Supposewe
are given a labeled training set D l as well as a set of test points D u ,32 and we
are required to predict the labels of the test points. The traditional way is to
proposethe existenceof a latent function, linking training and test points via
marginal dependence,then infer this function (or a posterior distribution) by
induction and the latent labelsby deduction (in most cases,by simple evaluation
of the function). However, Vapnik's principle is that in order to solve a problem,
oneshould not comeup with subproblemswhich are harder than the whole, and
transduction, i.e. estimating the test labels directly from D l and Du , is at least

32 In the original formulation of transduction, the test points are the only additional points
we have from P ( � ). Later algorithms consider the more realistic case where the test set is
only a subset of D u .
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not harder than induction to infer the latent function. From a philosophical
viewpoint, this principle leading to transductive inferenceis very appealing.

Vapnik [99] goes on to try to prove PAC bounds speci�cally tailored for the
transduction case.The technical details are messy, but the broad idea is to view
the whole set of input points (from D l and Du ) as a basic pool from which
n = jD l j points are drawn at random and without replacement. These points
are labeled then, i.i.d. according to P(tjx ). The points remaining in the pool
form Du . One now can employ concentration inequalities on the multinomial
distribution and other common tools from Vapnik-Chervonenkis (VC) theory
to derive large deviation bounds between the empirical error on D l and the
empirical error on Du . We �nd it rather di�cult to comparethesebounds with
the tightest VC \induction" bounds known so far.

From these transduction bounds, Vapnik derives an algorithmic scheme for
transduction in an attempt to transfer the notion of largemargin discrimination
from supervisedlearning to the transduction case.In caseof binary classi�cation
(T = f� 1; +1 g) with linear discriminants (w ; b); kwk = 1, the schemeworks as
follows. Let Tu = f tn +1 ; : : : ; tn + m g denote the latent labelson the points in D u .
For a discriminant (w ; b), we de�ne the arti�cial empirical margin (ae-margin)
as

� ar t (w ; b) = max
Tu

min
i =1 ;:::;n + m

t i (w T x i + b): (21)

Let us suppose, for simplicit y, that there exists a discriminant for which the
ae-margin is positive, a necessarycondition for this is that D l is linearly separa-
ble. In words, the ae-marginis the largest empirical margin the discriminant can
attain on any completion of the data D l ; Du . It is not larger than the empirical
margin (e-margin) on D l , which is de�ned � (w ; b) = min i =1 ;::: ;n t i (w T x i + b).
Vapnik's transduction scheme in this case is to choose a discriminant (w ; b)
which maximizesthe ae-margin. This should be comparedto Vapnik's induction
scheme,in which wechoose(w ; b) to maximize the e-margin. While the e-margin
has an intuitiv e interpretation as sort of an estimator of the (true) margin (be-
ing E t; x [ty (x )], where y(x ) is the discriminant, in our casey(x ) = w T x + b),
with the latter obviously closely related to the generalization error, we do not
know of such a link betweenthe ae-margin and the generalization error.

Bennett et al [7] suggesta variant of Vapnik's scheme for the caseof linear
discriminants (i.e. SVM). They focus on a variant of SVM which employs
the 1-norm kwk1 =

P
j jwj j for penalization (instead of the Euclidean norm

kwk2 = kwk). On purely supervised tasks, this variant has been found to per-
form similarly to Vapnik's original linear SVM. In this setting, the optimization
over the discriminants and the latent labels can be computed by mixed-integer
programming. This is interesting, since a straightforward implementation of
Vapnik's transduction scheme is exponential in m = jD u j, and we know of no
e�cien t realization. However, even the algorithm basedon mixed-integer pro-
gramming does not scalewell with m, for example on several of the datasets
tested in [7], subsamplesof size50 wereusedinstead of the full D u . Experiments
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presented in [7] show signi�can t improvements over using induction on D l only,
on about a third of the tasks tested. However, the experimental designis some-
what unusual, for example they choosethe usually very important scaling (or
variance) parameter C using a heuristic which dependson n + m only, instead
of adapting it to the data. In [24], the authors suggesta more e�cien t variant,
using a nonconvex quadratic problem, local solutions of which can be found by
block-coordinate descent algorithms. The most substantial drawback is, how-
ever, that the scheme does not seemto be \k ernelizable", i.e. the algorithm
cannot be used together with a feature spacemapping. Joachims [49] presents
a greedyapproximativ e implementation of Vapnik's transduction scheme,again
for the caseof linear discriminants (or SVM). The algorithm is not guaranteed
(or expected) to �nd the true optimum and can get stuck in poor local op-
tima. However, it runs much faster than the algorithm of [7], especially if D u is
large, furthermore it can be used with nonlinear kernels. The author presents
experiments on text classi�cation tasks.

Jaakkola et al [45],[43] suggest an interesting transduction algorithm within
their minimum relative entropy (MRE) discrimination framework. Several au-
thors have tried to relate discriminativ e classi�ers like the SVM to diagnostic
Bayesian prediction with Gaussianprocesses.This is problematic becausethe
loss function used in Support Vector classi�cation (SVC) is not a proper noise
model, it cannot be normalized (e.g. [81]). One way around this problem is to
regard SVC as an approximation to Gaussianprocessclassi�cation with an un-
usual noise model. Another, probably more satisfying way is to drop the idea
that SVC is doing Bayesianinferenceat all, then try to �nd a paradigm (which
is not the Bayesianone)of which SVC is a natural member. The usualderivation
of SVC via margin constraints points towards the maximum entropy (ME) prin-
ciple (e.g. [20]) which has long beenused in parallel to the Bayesianparadigm
to induce distributions which are in some way constrained on observed data.
If we combine the ME principle, originating from Statistical Physics, with the
Bayesian idea of a prior, we arrive at the minimum relative entropy (MRE)
principle (e.g. [20]). The authors of [45] apply MRE to large margin discrimi-
nation and show how SVC arisesas a special case.The advantagesof this view
include that within MRE, there are (as within the Bayesian paradigm) natu-
ral ways to handle missing data. Transduction within MRE discrimination is
straightforward, exploiting the fact that latent labels do not marginalize out
contrary to the diagnostic Bayesiancasewith regularization independent of the
input distribution (seesubsection2.4). In other words, the symmetry w.r.t. the
latent labels is broken by the drive towards large margin even on points from
Du . MRE transduction resemblesdiagnostic EM, asdiscussedin subsection2.4,
and comeswith similar convergenceguarantees to local optima. Preliminary
experiments in [45] on a task where splice sites during DNA transcription have
to be predicted, show promising results. However, their algorithm is a trans-
duction algorithm aiming to maximize an arti�cial empirical margin, therefore
builds on the sametheoretical foundation as Vapnik's schemediscussedabove.
It will be interesting to comparetheir algorithm to diagnostic EM on Bayesian
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settings employing priors on the latent functions which are conditioned on the
input distribution. The MRE formulation makesit possibleto considerhybrids
(as has beenremarked in [45]), in which the unlabeled dataset D u is split into
two subsets,one of them usedwith latent labels in the transduction algorithm,
the other one to narrow down the prior on latent functions. We also refer to
Jebaraand Jaakkola [48] and the Conditional EM algorithm [47] for recent work
in this exciting line of research.

3.7.1 A sub jectiv e critique of SLT transductiv e inference

A discussion of the theory behind transduction in statistical learning theory
(SLT) (see[99]) is out of the scope of this paper. To be honest, we feel some-
what confusedby Vapnik's arguments, and although much of this confusion is
probably due to our own ignoranceof computational or statistical learning the-
ory, it seemsto be shared (to a certain degree)by many other people working
in the �eld of the labeled-unlabeled problem. Therefore, if in the following we
put forward our uneasinessabout someaspects of SLT transduction, we might
be wrong or unfair on certain points, and we would be happy to get into dis-
cussionsabout such. On the other hand, we are quite certain about one thing:
if realizable SLT transduction o�ers signi�can t advantagesover SLT induction
(within the PAC framework usedthere, seesubsection1.3.3), and if this can be
proven theoretically, these advantages and their foundations have to be made
much more clear and transparent in publications, otherwise transduction will
probably remain academic and be regarded with doubts by the majorit y of
researchers.

First of all, diagnostic prediction on �nite data needsregularization, and the
favourite way to do this is to imposethe existenceof a latent function, then to
proposea model family (or, in SLT terms, a hypothesisclass) for this function
aswell asa prior distribution which penalizescomplex functions by giving them
small volume (seesubsection1.3.2). In fact, when dealing with the problem of
how to formulize the connectionbetweentraining and test points, we do not see
any way to get around the assumption of a latent function and the modeling
thereof basedon prior knowledge,also SLT transduction needsto employ this
step. Now given these assumptions, the Bayesian way of inferring information
about the latent function \inductiv ely" by computing the posterior process,then
predicting the test labels \deductiv ely" by computing the predictive distribu-
tion, is exactly the sameas what might be called \Ba yesiantransduction". It is
just a convenient way to write the expectation over the predictive distribution.
Any information about the input distribution P(x ), not only the test points,
can help in diagnostic Bayesian schemesif the latent function and the input
distribution (seenas random variables) are not a-priori independent under the
generative model, as has beendiscussedin 1.3.3. This, however, has nothing to
do with the assumption that \Ba yesian transduction" is easier than the way
over induction.
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SLT transduction comesfrom a frequentist viewpoint where induction means
picking one \b est" function, and deduction meansevaluating it at test points33.
It is possible that in this context, transduction is easier than the way over
induction and can consistently outperform the latter, however this might simply
be due to the fact that the latter is invalid (or at least inaccurate) as a way of
inferencein the �rst place.

Vapnik tries to motivate SLT transduction by presenting bounds speci�cally
tailored for the transduction setting. While reading the formidable book [98],
we have beenfascinatedby the way Vapnik presents his results for inductiv e in-
ference.He starts from philosophical principles about the nature of learning and
induction, derivesPAC bounds and complexity measuresfrom theseprinciples
using sophisticated statistical techniques and then infers algorithmic schemes
guided by the bounds. However, this way of presentation works less well in
the transduction case.Although it is di�cult to compare Vapnik's transduc-
tion bounds to the best known VC \induction" bounds34, we do not seewhy
the former should be signi�can tly tighter than the latter, especially in the case
m = jDu j � n which is most important in practice. In fact, the argument that
transduction is easierthan the way via induction, gets weak in the casem � n,
and the distinction between transduction and induction vanishesfor m ! 1 .
Also, using information about the input distribution is expected to be most ef-
fective if the labeled data is sparse.In this case,the transduction as well as the
induction bounds are usually very far from being tight, sometimeseven trivial.

Someauthors (e.g. [105]) havecriticized that while there is a connectionbetween
the true margin (asde�ned abovein this subsection)and the generalizationerror
of a discriminant, and VC theory on supervised settings usesthis link together
with the fact that the e-margin is an estimator of the true margin, there is no
such motivation for the ae-margin. Especially in the casem � n we run the
risk that a discriminant which maximizes the ae-margin has a much smaller
e-margin (on D l ) than other choices.Even worse, it is likely for large m that
no discriminant achieves positive ae-margin, even if D l is separableby some
function in the hypothesisclass,and in this caseVapnik suggestsusing a \soft
ae-margin" variant, trading margin violations versusmargin size.Although it is
evident that a tradeo� between \b elieving the unlabeled data" and \b elieving
the labeled data" (the observed labels are noisy quantities) has to be faced
in order to solve the labeled-unlabeled problem, we are not convinced by the
publications presently known to us that this tradeo� can reliably be basedon a

33 It is interesting to note that one of the architectures most frequently discussed in SLT
publications, namely the Support Vector machine (SVM) , can be understo od as special case
of minimum relative entropy (MRE) discrimination (see discussion above in this subsection),
within which induction means computing a MRE distribution over functions conditioned on
the data, somewhat parallel to the Bayesian posterior distribution, and deduction is equivalent
to Bayesian prediction, but with the posterior replaced by the MRE distribution.

34 To us, non-experts however, these di�eren t bounds employ quite similar techniques. For
example, there exists an induction bound (see [26]) which proceedsvia a double sample, such
that the original and the \ghost" sample have very di�eren t sizes.This seemsto be very close
to the situation from where a tr ansduction bound would start.
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soft ae-margin. Further research in this direction might, however, put the (soft)
ae-margin on a basisas solid as the (soft) e-margin in supervised learning.

Finally, we note that Vapnik's transduction schemeseemsto be quite similar in
spirit to a classof estimation methodsdiscussede.g.in [93] (end of section4.3.4).
In theseso-calledclustering methods, the labelsof the points in D u are treated as
parametersrather than latent variables.The method then consistsof maximizing
the likelihood of D l ; Du w.r.t. model parameters and labels on D u . It is quite
obvious that such a procedure will exhibit bias, and indeed this problem has
beenpointed out by several authors (seecitations in [93]), in somecasesthis ML
estimator is not even asymptotically consistent. It has been reported that the
method behavesbetter in the context of robustestimators,soonecould speculate
that it might be more suitable for large-margin discrimination. However, citing
from [93], \a basic 
a w in this clustering method for parameter estimation is
the treatment of the [: : : ] [labelson D u ] as if they wereparameters,rather than
treating them as missing random variables". In this sense,the approach of [45]
might exhibit lessbias than Vapnik's schemein somesituations, although this
issueclearly needsto be looked after in greater detail.

4 Related problems

In this section,webrie
y discusssomeproblemsrelated to the labeled-unlabeled
task and mention somework which has beendone on these.This review is less
detailed than the onepresented in section3 and is by no meansexhaustive. The
reason for discussingwork on related problems is of course that we feel that
many ideas from this work might be successfullyapplied in algorithms for the
labeled-unlabeled problem.

The most trivially related problems are supervised and unsupervised learning.
Wehavealreadydiscussedtheselargeclassesin subsection1.1.A very prominent
project for Bayesianunsupervised learning is AutoClass(see[38],[17]), it might
be used for a straightforward implementation of baselinemethods discussedin
subsection 2.1. We found the discussionin [86] of quantization (probably the
most important special caseof unsupervised learning) in the context of source
compressionand rate distortion theory very helpful.

4.1 Activ e learning

In (pool-based)active learning of classi�cation, one is given a pool D i of input
points sampled i.i.d. from P(x ). One also has accessto an oracle, producing
t � P(tjx ) upon the input x , and the labels produced by di�eren t calls to
the oracle are conditionally independent. The goal is the sameas in supervised
classi�cation (see subsection 1.1). Of course, any algorithm for the labeled-
unlabeled problem can be used for active learning: simply pick n points from
D i at random, label them using the oracle to form D l and collect the remaining
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points in D i to form Du . However, the declared goal of active learning is to
outperform such schemes.We have the freedomto call the oracle selectively on
points from D i , thereforeby focusingearly on the \most informativ e" points we
might narrow down our belief in the (latent) relationship betweenx and t very
fast, i.e. by using only a small number of calls to the oracle. We remark that
someauthors have considerednon-pool-basedactive learning, in which onedoes
not have accessto a samplefrom P(x ). We focus on pool-basedactive learning
(also called query �ltering ) for several reasons.Non-pool-basedactive learning
has no obvious connectionsto the labeled-unlabeled problem. Within the PAC
framework, it hasbeenshown that the abilit y to actively query for labelscannot
be of any signi�can t advantage if one does not have accessto a sample from
P(x ). Furthermore, in practice, it might be unexpectedly di�cult to produce
a sample from P(tjx ) if P(x ) is very small35. All thesepoints are discussedin
detail in [30], section 1.

MacKay [55] discussesBayesian active learning for multi-la yer perceptrons.
Cohn et al [18] intro duce the generalproblem, then focus on joint density mod-
elsof the kind discussedin [35] (seealso[38] and subsection2.2). A very general
query �ltering algorithm is query by committee (QBC) (see[84], also[30]), which
has already beenmentioned in subsection3.2. QBC is sequential in nature, i.e.
the pool has the character of a stream. For each incoming x , one has to decide
either to label it and placeit in D l , or to discard it. In the latter case,x may not
be usedagain at a later time. Similar to most sequential learning (or �ltering)
algorithms, QBC maintains and updates a belief in (i.e. a distribution over) the
latent function conditioned on the data seenso far, this belief can be seenas
approximation to the optimal belief, namely the Bayesianposterior distribution.
QBC judges \informativ eness"of an example x by the (expected) amount of
variance which would be removed in the belief if we conditioned it on x and
its label. This can be estimated by sampling a committee of discriminants from
the current belief, evaluating the predictions on x for all committee members
and compute somemeasureof disagreement betweenthesepredictions. For ex-
ample, if the committee consistsof only two discriminants, we could employ a
symmetrizedvariant of the relative entropy betweenthe predictive distributions
of the discriminants. It is then a matter of algorithmic design taste to derive a
criterion for \use or discard", basedon this measure,e.g. a threshold criterion
with the threshold being annealedover time. The algorithm is stopped whenever
it discardsa certain (large) number of points in a row (under a small threshold).

Wecanspeculateabout how to useactive learning ideasin the labeled-unlabeled
problem context. For example, in subsection2.1, we suggestedstarting with an
unsupervised learning technique, then somehow \inject" the labeled points. It
might be advantageousto inject the points in D l in an ordering suggestedby
active learning \informativ eness"criteria.

35 Suppose you use a human expert to label images supposed to represent hand-written
digits. For an � with very small P ( � ), the true P (t j � ) might have rather low entrop y (w.r.t.
t ), but the bitmap � is most probably a mess of pixels which the expert will not be able to
associate with any of the digits.
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4.2 Coaching. Learning how to learn

The coaching problem is analyzed in [89]. The goal is to infer the probabilistic
relationship x 7! t, for exampleto estimate the regressionE t � P ( t j x ) [t]. Suppose
we have a third variable z , and the three variables are distributed according
to the unknown law P(x ; t; z ). We are given a complete i.i.d. sample D l from
this law, but since examplesof z are assumedto be di�cult or expensive to
collect, we are forced to predict t from x alone in the future. A trivial approach
towards coaching would be to discard the examples from z entirely and to
employ a standard supervisedalgorithm. The authors of [89] ask if and how one
can do better, using the knowledge contained in the z examples.They call z
a coaching variable, by its potential abilit y to coach the estimation of x 7! t.
First of all, it is clear that the z samplecannot help if t and z are conditionally
independent given x . Otherwise, z contains information about t given x , and
the nature of this observation can be learned from the common sample.

Tibshirani and Hinton proposetwo di�eren t coaching schemes.Mixtur e coaching
builds upon the representation

P(tjx ) =
Z

P(tjx ; z )P(z jx ) dz : (22)

Now, if t and z are dependent given x , P(tjx ; z ) will be quite di�eren t for
di�eren t valuesof z . Therefore it seemsreasonableto try to learn a partitioning
of z -spaceand to �t experts locally to the regressionon each partition. We
furthermore need to learn the conditional distributions over the z partition
given x . The algorithm suggestedby the authors is essentially a mixture of
experts (see[51]) where the choiceof expert is observed on the training set. The
other scheme,responsecoaching, builds on P(tjx ) =

R
P(t; z jx ) dz . The idea is

to train a model to jointly predict t and z givenx . A convient way to achievethis
is to usea classof factorized modelsP(t; z jx ; � ) = P(tjx ; � 0; � 1)P(z jx ; � 0; � 2).
The conditional dependenceof t and z is represented by the shared parameter
vector � 0. An examplewould be to useregressiontrees for t and z which share
the samepartition � 0 of x -space.The art is to choosethe commonand separate
parametersand the parameterpriors (i.e. the regularization) guided by available
prior knowledgeor assumptions.

Responsecoaching can be seenas a special caseof the problem of learning how
to learn or multitask learning (e.g. [74],[4], [14],[88],[62]). The relationship x 7! z
is a secondtask which is learned together with the primary one in an attempt
to employ information 
o w through latent, shared variables. A very general
approach to this problem is suggestedin [67] (the author refers to the problem
as \family discovery"). Here, the model family f P(x j� ) j � 2 � g; � � Rp is
assumedto bea smooth, low-dimensionalmanifold embeddedin Rp (this view on
model families comesfrom information geometry, seee.g.[1],[64]). The task is to
learn the prior P(� ) which enforcesthis assumption,from multiple tasks. In this
work, the manifold is modeled by connecting locally linear patchesusing kernel
smoothing. Alternativ ely, the generative topographic mapping (GTM) (see[9],
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alsosubsection2.1), asa probabilistic generativemodeling approach to manifold
learning, could be consideredin this context. Another promising approach, as
suggestedin [62], is to use the multiple task data to learn a covariance kernel
for Gaussianprocess(or Support Vector) classi�cation (seesubsection3.5).

The relation betweenthe labeled-unlabeled problem and the coaching or learn-
ing how to learn problem is not a strong one. In multitask learning, of which
coaching is a special case,we try to grasp information which is shared, on a
low level, betweenthe tasks, this can be seenas prior learning in a hierarchical
Bayesian setting (e.g. [4],[62]). We have already pointed out that we think that
prior knowledge,whether available through human insight or learnedfrom other
sources,is crucial for solutions to the labeled-unlabeled problem, and learning
priors by combining related tasks might be useful in this context. We comeback
to learning how to learn in subsection4.3, when we relate it to another method
for prior learning.

4.3 Transfer of knowledge learned from a related task

Learning how to learn (as discussedin subsection4.2) is a (largely) data-driven
way to learn prior distributions for a task. The assumption is that related tasks
share a common (low-level) basis. Therefore, given related tasks, among them
the onewearereally interestedin, wemight gain information about this common
basisby learning to solve them all together, using models which shareparame-
ters at a low level, together with a well-chosenregularization which forces the
learning algorithm to make use of these shared parameters e�ectiv ely. We can
then employ this information as prior knowledgefor the primary task.

Another approach to prior learning employs a lot more human insight into
the nature of the primary task. This insight is used to choose a convenient
representation to encode the prior knowledge,and to select related tasks which
we believe sharemuch in their nature with the primary task, so that the same
representation of prior knowledge applies. Given this structure, it is usually
easy to learn the free parameters in the representation from related tasks and
then simply plug them into an architecture for the primary one. A concrete
example for a handwritten signs recognition task is given in [61]. There, the
generative assumption is that an observation is created by mapping a (latent)
referenceimageby a (latent) transformation, and each classhasa small number
of referenceimages.Given a large number of observations from the sameclass,
it is possibleto learn good referenceimagesin a MAP fashion, the authors use
a simple hillclim bing approach for multiple alignment they call congealing. It is
alsopossibleto learn a (posterior) distribution over transformations, conditioned
on the class,by applying techniqueslike kernel smoothing. The authors usethis
distribution as prior over transformations when dealing with another class for
which only very few examplesare available. For example, if only one example
of the new class is available, they take this example as a referenceimage for
the class,then createan arti�cial dataset by sampling transformations from the
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(learned) prior and applying them to the referenceimage.

A motivation for learning priors in the context of the labeled-unlabeledproblem
has already been given in subsection 4.2. For the methods discussedin the
present subsection,we needa large labeleddataset for a related task. The reason
for this is that our goal is to learn priors which are very strong in the following
sense.In the example above, even transformations which deform the image
signi�can tly have a chance to get a high a-priori weight, if they are supported
by the data. Learning a good representation of a classfrom a single example is
possibleonly if such strong invariance knowledgeis available.

5 Caveats and tradeo�s

In this section we discusssomeissueswe think are important to be addressed
when dealing with the labeled-unlabeled problem. Most of them have popped
up frequently in the text above, and we use this section to collect and relate
them. They include somemore or lessobvious caveats as well as tradeo�s that
have to be faced. We think that much more insight into these issuesneed to
be gained, probably on model tasks. Such insight may have a big payo� for
algorithms dealing with the problem.

5.1 Lab els as missing data

Formally, wecantreat labelson points from D u in the labeled-unlabeledproblem
as missing data. If we compare these to other kinds of missing data, such as
missing or uncertain attribute values,we �nd very important di�erences. First
of all, while missing attribute values are more or lessa nuisancewhich should
be marginalized out becauseof lack of information in the data, labels are the
essentialtarget. Our whole job is to predict the labels, while nuisanceattributes
are never the target for prediction. Second,if we talk about a missingattribute,
we usually mean an attribute which is missing or uncertain only in a rather
small fraction of the examplesin the dataset. If an attribute is missing in the
large majorit y of examples,one should really considernot to include it at all in
the representation of examples,thereby making the model building task easier
and the learning processeasierto control (seediscussionof IMAX in subsection
3.3). However, in interesting instancesof the labeled-unlabeledproblem we have
that a lot more labels are missing than given.

The special character of a label as latent variable raises the question of how
to value the information provided by labels, as compared to the information
provided by an input point. Any sensiblevaluation will of coursedepend on the
current belief in the unknown relationship P(x ; t). For example, Castelli and
Cover ([15], seealso subsection3.1) show that if we know all the classdistribu-
tions P(x jt), labelshave \exp onential value" (w.r.t. reducing the generalization
error towards the Bayes error), but such a concrete belief can usually not be
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gained in practice. Supposeour goal would be to learn a (soft) partitioning of
X (into a reasonablysmall number of clusters) such that with high probabilit y
none of the clusters is cut by a class boundary. Clearly, this is only slightly
easierthan solving the labeled-unlabeled problem. We could apply an unsuper-
vised technique to this problem, training on D u only, and one could argue that
in this context the role of labels (i.e. of D l ) is to point out possible
a ws in the
present (soft) partitioning. In this context, a label can only be valued in con-
junction with other labels, and if unlabeled and labeled data suggestdi�eren t
partitionings in a local area, we have to �nd a way to conciliate betweenthem.

The questionabout how to value labeleddata against (abundant) unlabeleddata
is far from being well understood. For example, we could derive a smoothed-
out estimate of P(tjx ) from D l alone which would at least capture some of
the label information, then treat this estimate (or belief) as one basic \unit"
of information to be injected into unsupervised clustering. On the other hand,
we could value each element from D l on its own, conditioned on our belief
about P(x ; t) gained so far. The latter approach is clearly much more 
exible,
but also more \slipp ery". If we associate a high value with elements from D l

which changeour belief in the relationship most drastically, we run the risk of
not being robust to outliers and classi�cation noise. If we prefer such elements
from D l which are most compatible with our belief sofar, we may not be able to
correct major inaccuraciesin our belief, simply becausewedo not trust the label
information which can help us to do so. This is a tradeo� between robustness
and information gain.

We face a similar tradeo� if we start from training on the labeled data, then
inject points from Du together with pseudo-labels. If we inject a point whose
label is con�dently predicted using the current belief, the injection does not
provide much new information and will therefore not lead to more than a minor
changein the belief. The operation may beconsideredrobust. On the other hand,
injecting a point whose label is quite uncertain (but not completely random)
given the current belief, leadsto a phasein the learning processin which two (or
more) quite di�eren t alternativ esare tested against each other, this phasehas
the potential to changethe belief signi�can tly , but the risk of a wrong update is
higher. However, the operation might result in a much higher information gain.

5.2 Diagnostic versus generativ e metho ds

Suppose we use model classesf P(x jt; � )g which are faithful for the problem
at hand, i.e. the class-conditional distributions are indeed members of these
classes,with latent � . Furthermore assumethat in the limit of jD u j = m ! 1 ,
the class-conditional distributions can be identi�ed using D u only, this is the
assumptionmadeby Castelli and Cover [15]. In this case,we can always employ
a generativearchitecture using the faithful model classes,together with standard
EM or oneof its variants (seesubsection2.2.1) to circumvent poor local maxima
of the likelihood. However, this approach can exhibit severe drawbacks when
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applied to non-toy problems.To be faithful, the model classestogether with the
regularization (given by P(� )) would have to be very broad, and the posterior
belief would narrow down su�cien tly only for very large m. We might not have
a large enough Du available, and even if unlabeled data is abundant, the cost
of dealing with large D u and searching through broad model classes(for the
MAP solution) might be much higher than we can tolerate. In order to be able
to make the method work e�cien tly , we might have to narrow down the model
classesand/or tighten the regularization, in which casewe risk to run into severe
robustnessproblems. Namely, if the true relation P(x ; t) is far from what we a-
priori believe to be possible,our method might �t a simple structure supported
aswell by the priors asby the abundant unlabeleddata, which however is likely
to be quite di�eren t from P(x ; t).

Diagnostic methods model P(tjx ) directly, without wasting resourceson model-
ing the classdistributions. While generativemethodsalso�t an \induced" model
to P(tjx ), derived from the classmodels via Bayes' formula, this model comes
with heavy requirements towards resourceslike training data and computing
time, and often many of these resourcesare wasted on training aspects of the
classmodelswhich do not a�ect the \induced" model signi�can tly . However, di-
agnosticmethods neglect information about P(x ) and focus on maximizing the
conditional likelihood of the (labeled)data, which might beharmful if D l is small.
This distinction betweengenerative and diagnostic methods can be made clear
by comparing the diagnostic mixture-of-experts architecture (see[51]) againstan
extensionof the generative method proposedin [60], as discussedin subsection
2.3. We make useof the terminology de�ned there. Both methods make useof
the divide-and-conquer principle, in that they construct a soft partitioning of
the input spaceX and �t experts which estimate P(tjx ) locally. The diagnostic
architecture achievesa soft partitioning of X using a gating network36 which is a
diagnostic model of P(kjx ), and the whole architecture (i.e. experts and gating
network) is trained to maximize the conditional likelihood of the data. There-
fore, the architecture will divide up its resources(here: the \simple" experts,
being logistic regressionmodels for P(tjx )) to achieve a good discrimination of
the data. For example, we would expect the gating network to \p osition" the
experts along the true decisionboundariesbetweenclasses,sothat if the experts
locally �t the boundary well, the total mixture givesa decent estimate of P(tjx )
globally. On the other hand, if m � n, the generative architecture partitions
X largely by �tting a mixture to P(x ). If the component models P(x jk; � ) are
unimodal (e.g. Gaussian),most of them will �t clusters in D u . This meansthat
the architecture tends to position the experts in the middle of such clusters,
generally far from the decision boundaries between classes.It can be argued
that this positioning is not a very good divide-and-conquer strategy towards
improved discrimination .

By using regularization depending on the input distribution (see subsection
1.3.3), we can in principle make use of unlabeled data in diagnostic architec-

36 Or a hierarchy of such, in case of the more powerful hierarchical mixtur e-of-experts, see
[51].
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tures. This invariably requiresthat wemodel the input distribution P(x ), there-
fore apart from the di�cult task to construct sensibleconditional priors for �
(notation from subsection1.3.3) basedon prior knowledge,we alsofacea trade-
o� of how to distribute resourcesbetween training the diagnostic models and
the models for P(x ). Furthermore, when constructing the conditional priors, we
can enforceprior assumptionsto various degreesof strength, and this inducesa
weighting of information from D l against such from Du in the �nal prediction.
Again, we face a tradeo� between robustness(weak a-priori in
uence of P(x )
on the belief in � ) and information gain from D u (strong a-priori in
uence of
P(x ) on the belief in � ).

5.3 The sampling assumption

The generative assumption for D l ; Du is detailed in subsection1.2. It is equiv-
alent to the one used in the context of transduction (seesubsection3.7). First
sample n + m points i.i.d. from P(x ). Then, pick n points from this pool at
random and without replacement, label these points and put them in D l . The
remaining pool becomesD u .

While this assumption is ful�lled or at least reasonablefor many real-world
tasks, we note that it might be violated in certain settings. For example,in situ-
ations where labeled data is sparsebecausethe processof labeling input points
is very expensive, it is often not reasonableto assumethat the input points to be
labeled in the end (to form D l ) are picked at random from a large pool. Often,
they are selected to be somewhat representative, where \representativ eness"is
judged using 
u�ly de�ned measuresbasedon insight into the problem.

In somecasesit may be possible to incorporate the selection processinto the
generative model. In most situations, however, we will stick with the standard
i.i.d. generative assumptioneven at the risk of ignoring a bias in the sampleD l .
We can try to usevaluation rules (seesubsection5.1) in order to alleviate this
bias. For example, if we knew characteristics of the selectionprocessfor D l , we
could apply them to resampleD u , i.e. inject more representativ e points earlier.

6 Conclusions

With respect to some key aspects, the labeled-unlabeled problem lies in the
middle between well-founded areas. The problem itself is situated somewhere
betweenunsupervised and supervised learning. It is our opinion that prior knowl-
edgeis crucial for a labeled-unlabeledmethod, but the rolesof prior knowledgein
unsupervisedand supervised learning are very di�eren t, as discussedin subsec-
tion 1.2.Supervisedlearning canbe quite robust against falseor inaccurateprior
knowledge,whereassolutions deliveredby unsupervisedmethods very much de-
pend on the encoded prior knowledge. In the labeled-unlabeled problem, we
expect robustnessto a certain degree,although the sparsenessof D l and the
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abundance of unlabeled data makes usageof unsupervised techniques almost
obligatory.

There are two basic paradigms for supervised learning, the diagnostic and the
sampling one (seesubsection1.3). The signi�cances of theseparadigms for the
labeled-unlabeled problem have been discussedin subsection 5.2. In order to
make useof unlabeled data in diagnostic methods, input-dependent regulariza-
tion and therefore, to a certain degree,modeling of (aspectsof) the input distri-
bution is necessary(seesubsection1.3.3). Again, we think it is most promising
to combine methods from the diagnostic and the sampling paradigm, i.e. to em-
ploy both diagnostic and generative model families in onearchitecture, in order
to attack the labeled-unlabeled problem.

We think that the role of the class label as latent variable is a very special
and intricate one (seesubsection5.1), and therefore in generalwe cannot treat
the labeled-unlabeled problem in the sameway as other common problems of
missing or uncertain data. We believe that prior knowledge is of central im-
portance, although the role it plays for a method might strongly vary between
solutions (and tasks). Although powerful ways to encode prior knowledgehave
been proposed in the context of unsupervised learning, genuinely new \in ter-
faces" towards supervised methods have to be found, either to \inject" label
information into an unsupervised setting, or to adapt the distance of a super-
vised method using information about the input distribution, or to do some-
thing \in between". Also, methods of learning priors (seesubsections4.2 and
4.3) and ideas of using redundant representations of examples,such that the
kind of redundancy is strongly linked to classidentit y (seesubsection3.3), may
be applicable successfully.

Ac kno wledgmen ts

We thank Chris Williams, Amos Storkey, Ralf Herbrich, Hugo Zaragoza,Neil
Lawrence,Tong Zhang and Kristin Bennett for helpful discussions.The author
gratefully acknowledgessupport through a research studentship from Microsoft
Research Ltd.



REFERENCES 57

References

[1] Shun-ichi Amari. Di�er ential-Geometrical Methods in Statistics. Number 28 in
Lecture Notes in Statistics. Springer, 1st edition, 1985.

[2] Shun-ichi Amari. Information geometry of the EM and em algorithms for neural
networks. Neural Networks, 8(9):1379{1408, 1995.

[3] J. A. Anderson. Multiv ariate logistic compounds. Biometrika , 66:17{26, 1979.

[4] Jonathan Baxter. A Bayesian/information theoretic model of bias learning. In
Proceedings of COLT, pages77{88, 1996.

[5] S. Becker and G.E. Hinton. A self-organizing neural network that discovers
surfacesin random-dot stereograms. Nature, 355:161{163, 1992.

[6] Suzanna Becker. JPMAX: Learning to recognize moving objects as a model-
�tting problem. In Advances in Neural Information ProcessingSystems7, pages
933{940, 1995.

[7] K. Bennett and A. Demirez. Semi-supervised Support Vector machines. In
M. Kearns, S. Solla, and D. Cohn, editors, Advances in Neural Information
Processing Systems11, pages368{374. MIT Press, 1999.

[8] James O. Berger. Statistical Decision Theory and Bayesian Analysis. Springer,
2nd edition, 1985.

[9] C. Bishop, M. Svens�en, and C. Williams. GTM: The generative topographic
mapping. Neural Computation, 10(1):215{235, 1998.

[10] Christopher Bishop. Neural Networks for Pattern Recognition . Clarendon Press,
Oxford, 1995.

[11] Avrim Blum and Tom Mitc hell. Combining labeled and unlabeled data with
Co-Training. In Conference on Computational Learning Theory 11, 1998.

[12] Christopher Burges. Geometry and invariance in kernel based methods. In
Sch•olkopf et al. [75], pages89{116.

[13] Christopher Burges. A tutorial on support vector machines for pattern recogni-
tion. Data Mining and Knowledge Discovery, 2(2):121{167, 1998.

[14] Rich Caruana. Learning many related tasks at the same time with backprop-
agation. In Advances in Neural Information Processing Systems7. MIT Press,
1995.

[15] Vittorio Castelli and Thomas Cover. On the exponential value of labeled sam-
ples. Pattern Recognition Letters, 16:105{111, 1995.

[16] Zehra Cataltep e and Malik Magdon-Ismail. Incorporating test inputs into learn-
ing. In Advances in Neural Information ProcessingSystems10. MIT Press,1997.

[17] P. Cheesemanand J. Stutz. Bayesian classi�cation (AutoClass): Theory and re-
sults. In Fayyad, Piatetsky-Shapiro, Smyth, and Uth urusamy, editors, Advances
in Knowledge Discovery and Data Mining . MIT Press, 1996.

[18] David Cohn, Zoubin Ghahramani, and Michael Jordan. Activ e learning with
statistical models. Journal of Arti�cial Intel ligence Research, 4:129{145, 1996.

[19] Michael Collins and Yoram Singer. Unsupervised models for named entit y clas-
si�cation. In Proceedings of EMNLP , 1999.



REFERENCES 58

[20] Thomas Cover and Joy Thomas. Elements of Information Theory. Series in
Telecommunications. John Wiley & Sons,1st edition, 1991.

[21] I. Csisz�ar and G. Tusn�ady. Information geometry and alternating minimization
procedures. In et. al. E. F. Dedewicz, editor, Statistics and Decisions, pages
205{237. Oldenburg Verlag, Munich, 1984.

[22] A. P. Dawid. Properties of diagnostic data distributions. Biometrics , 32:647{658,
1976.

[23] Virginia de Sa. Learning classi�cation with unlabeled data. In Cowan, Tesauro,
and Alspector, editors, Advances in Neural Information Processing Systems 6.
Morgan Kaufmann, 1993.

[24] Ayhan Demirez and Kristin Bennett. Optimization approaches to semi-
supervised learning. In M. Ferris, O. Mangasarian, and J. Pang, editors, Applica-
tions and Algorithms of Complementarity . Klu wer Academic Publishers, Boston,
2000.

[25] A. Dempster, N. Laird, and D. Rubin. Maxim um lik elihood from incomplete
data via the EM algorithm. Journal of the Royal Statistical Society B, 39:1{38,
1977.

[26] L. Devroye, L. Gy•or�, and G. Lugosi. A Probabilistic Theory of Pattern Recog-
nition . Applications of Mathematics: Stochastic Modelling and Applied Proba-
bilit y. Springer, 1st edition, 1996.

[27] R. O. Duda and P. T. Hart. Pattern Recognition and Scene Analysis. Wiley,
1973.

[28] B. S. Everitt. An Intr oduction to Latent Variable Models. Chapman and Hall,
1984.

[29] Y. Freund and R. Schapire. Experiments with a new boosting algorithm. In
Machine Learning: Proceedings of the 13th international conference, 1996.

[30] Yoav Freund, H. Seung,Eli Shamir, and Naftali Tishby. Selective sampling using
the Query By Committee algorithm. Machine Learning, 28:133{168, 1997.

[31] S. Ganesalingam and G. McLachlan. The e�ciency of a linear discriminant
function basedon unclassi�ed initial samples. Biometrika , 65:658{662, 1978.

[32] S. Ganesalingam and G. McLachlan. Small sample results for a linear discrim-
inant function estimated from a mixture of normal populations. Journal of
Statistical Computation and Simulation , 9:151{158, 1979.

[33] Zoubin Ghahramani and Matthew J. Beal. Variational inference for bayesian
mixtures of factor analysers. In Solla et al. [87], pages449{455.

[34] Zoubin Ghahramani and Geo�rey Hinton. The EM algorithm for mixtures of
factor analyzers. Technical Report CRG-TR-96-1, Univ ersity of Toronto, 1996.

[35] Zoubin Ghahramani and Michael Jordan. Supervised learning from incomplete
data via an EM approach. In Cowan, Tesauro,and Alspector, editors, Advances
in Neural Information Processing Systems6. Morgan Kaufmann, 1993.

[36] Sally Goldman and Yan Zhou. Enhancing supervised learning with unlabeled
data. In International Joint Conference on Machine Learning, 2000.

[37] P.J. Green and Bernhard Silverman. Nonparametric Regression and Generalized
Linear Models. Monographs on Statistics and Probabilit y. Chapman & Hall,
1994.



REFERENCES 59

[38] R. Hanson, J. Stutz, and P. Cheeseman.Bayesianclassi�cation theory. Technical
Report FIA-90-12-7-01, NASA Ames Research Center, 1990.

[39] T. Hastie and Stuetzle. Principal curves. Journal of the American Statistical
Association , 84:502{516, 1989.

[40] David Haussler. Convolution kernels on discrete structures. Technical Re-
port UCSC-CRL-99-10, Univ ersity of California, Santa Cruz, July 1999. See
http://www.cse.ucsc.edu/~haus sler /pub s.htm l .

[41] G. E. Hinton and R. M. Neal. A new view on the EM algorithm that justi�es
incremental and other variants. In Jordan [50].

[42] Thomas Hofmann. Learning the similarit y of documents: An information-
geometric approach to document retrieval and categorization. In Solla et al.
[87], pages914{920.

[43] T. Jaakkola, M. Meila, and T. Jebara. Maxim um entropy discrimination. Tech-
nical Report MIT-AITR 1668, Massachusetts Institute of Technology, August
1999. Seehttp://www.ai.mit.edu/~tommi/pa pers .htm l .

[44] Tommi Jaakkola, David Haussler, and M. Diekhans. Using the Fisher kernel
method to detect remote protein homologies. In Proceedings of ISMB , 1999.

[45] Tommi Jaakkola, Marina Meila, and Tony Jebara. Maxim um entropy discrimi-
nation. In Solla et al. [87], pages470{476.

[46] Tommi S. Jaakkola and David Haussler. Exploiting generative models in dis-
criminativ e classi�ers. In M. Kearns, S. Solla, and D. Cohn, editors, Advances
in Neural Information Processing Systems11, 1998.

[47] Toni Jebara. On reversing Jensen's inequalit y. In T. Leen, T. Dietteric h, and
V. Tresp, editors, Advances in Neural Information ProcessingSystems13, pages
231{237. MIT Press, 2001.

[48] Toni Jebara and Tommi Jaakkola. Feature selection and dualities in Maxim um
Entropy Discrimination. In Proceedings of UAI , 2000.

[49] Thorsten Joachims. Making large-scale SVM learning practical. In Sch•olkopf
et al. [75], pages169{184.

[50] M. I. Jordan, editor. Learning in Graphical Models. Klu wer, 1997.

[51] M. I. Jordan and R. A. Jacobs. Hierarchical mixtures of experts and the EM
algorithm. Neural Computation, 6:181{214, 1994.

[52] M. Kearns and U. Vazirani. An Intr oduction to Computational Learning Theory.
MIT Press, Cambridge, 1994.

[53] S. Kirkpatric k, C. D. Gelatt, and M. P. Vecci. Optimization by simulated an-
nealing. Science, 220(4598):671{680,1983.

[54] D. MacKay. Intro duction to Gaussian processes. Tech-
nical report, Cambridge Univ ersity, UK, 1997. See
http://wol.ra.phy.cam.ac.uk/m ackay/README.html .

[55] David MacKay. Bayesian Methods for Adaptive Models. PhD thesis, California
Institute of Technology, 1991.

[56] Andrew McCallum and Kamal Nigam. Employing EM and pool-based active
learning for text classi�cation. In International Joint Conference on Machine
Learning, 1998.



REFERENCES 60

[57] P. McCullach and J.A. Nelder. Generalized Linear Models. Number 37 in Mono-
graphs on Statistics and Applied Probabilit y. Chapman & Hall, 1st edition, 1983.

[58] G. McLachlan. Iterativ e reclassi�cation procedure for constructing an asymptot-
ically optimal rule of allocation in discriminant analysis. Journal of the American
Statistical Association , 70:365{369, 1975.

[59] G. McLachlan and K. Basford. Mixtur e Models. Marcel Dekker, New York, 1988.

[60] David Miller and Hasan Uyar. A mixture of experts classi�er with learning
basedon both labelled and unlabelled data. In Advances in Neural Information
Processing Systems9, pages571{577. MIT Press, 1997.

[61] Erik Miller, Nicholas Matsakis, and Paul Viola. Learning from one example
through shared densities on transforms. In Proceedings of IEEE Conference on
Computer Vision and Pattern Recognition (CVPR) , 2000.

[62] Thomas Mink a and Rosalind Picard. Learning how to learn is
learning with point sets. Unpublished manuscript. Available at
http://wwwwhite.media.mit.edu /~tp minka/papers/ learn ing. html ., 1997.

[63] Tom Mitc hell. The role of unlabeled data in supervised learning. In Proceedings
of the 6th International Colloquium on Cognitive Science, 1999.

[64] Michael Murra y and John Rice. Di�er ential Geometry and Statistics. Number 48
in Monographs on Statistics and Applied Probabilit y. Chapman and Hall, 1st
edition, 1993.

[65] Kamal Nigam and Rayid Ghani. Understanding the behaviour of Co-Training.
Submitted to KDD-2000 Workshop on Text Mining, 2000.

[66] Kamal Nigam, Andrew McCallum, Sebastian Thrun, and Tom Mitc hell. Text
classi�cation from labeled and unlabeled documents using EM. In Proceedings
of National Conference on Arti�cial Intel ligence (AAAI) , 1998.

[67] S. Omohundro. Family discovery. In Advances in Neural Information Processing
Systems8. MIT Press, 1995.

[68] T. J. O'Neill. Normal discrimination with unclassi�ed observations. Journal of
the American Statistical Association , 73:821{826, 1978.

[69] Magnus Rattra y. A model-based distance for clustering. In Proceedings of
IJCNN , 2000.

[70] R. A. Redner and H. F. Walker. Mixture densities, maximum lik elihood and the
EM algorithm. SIAM Review, 26:195{239, 1984.

[71] Brian D. Ripley. Pattern Recognition for Neural Networks. Cambridge Univ ersity
Press, 1996.

[72] M. Sahani. Latent Variable Models for Neural Data Analysis. PhD thesis, Cali-
fornia Institute of Technology, 1999.

[73] R. Schapire and Yoram Singer. Improved boosting algorithms using con�dence-
rated predictions. In Proceedings of the 11th annual conference on computational
learning theory, 1998.

[74] J. Schmidhuber. On learning how to learn learning strategies. Technical Report
FKI-198-94, Technische Univ ersit•at M•unchen, 1995.

[75] B. Sch•olkopf, C. Burges, and A. Smola, editors. Advances in Kernel Methods:
Support Vector Learning. MIT Press, 1998.



REFERENCES 61

[76] B. Sch•olkopf, J. Shawe-Taylor, A. Smola, and R. Williamson. Kernel-dependent
Support Vector error bounds. In Proceedings of ICANN 9. IEE Conference
Publications, 1999.

[77] Bernhard Sch•olkopf, P. Simard, Alexander Smola, and Vladimir N. Vapnik. Prior
knowledge in Support Vector kernels. In Advances in Neural Information Pro-
cessing Systems10, 1997.

[78] Dale Schuurmans. A new metric-based approach to model selection. In Proceed-
ings of AAAI , 1997.

[79] Dale Schuurmans and Finnegan Southey. An adaptiv e regularization criterion
for supervised learning. In International Joint Conference on Machine Learning,
2000.

[80] Matthias Seeger. Annealed Expectation-Maximization by Entropy Projection.
Available at http://www.dai.ed.ac.uk/~seeg er/p apers .htm l ., 2000.

[81] Matthias Seeger.Bayesianmodel selection for support vector machines, Gaussian
processesand other kernel classi�ers. In Solla et al. [87], pages603{609.

[82] Matthias Seeger. Covariance kernels from Bayesian generative mod-
els. Technical report, Institute for ANC, Edinburgh, UK, 2000. See
http://www.dai.ed.ac.uk/~seeg er/p apers.htm l .

[83] Matthias Seeger. Input-dep endent regularization of condi-
tional density models. Submitted to ICML 2001. Available at
http://www.dai.ed.ac.uk/~seeg er/p apers.htm l ., 2000.

[84] H. S. Seung,M. Opper, and H. Sompolinsky. Query by committee. In Conference
on Computational Learning Theory 5, pages287{294. Morgan Kaufmann, 1992.

[85] B.M. Shahshahani and D.A. Landgrebe. The e�ect of unlabeled samples in
reducing the small sample sizeproblem and mitigating the Hughesphenomenon.
IEEE Transactions on Geoscience and Remote Sensing, 32(5):1087{1095, 1994.

[86] Noam Slonim and Naftali Tishby. Agglomerativ e information bottleneck. In
Solla et al. [87], pages617{623.

[87] S. Solla, T. Leen, and K.-R. M•uller, editors. Advances in Neural Information
Processing Systems12. MIT Press, 2000.

[88] Sebastian Thrun. Is learning the n-th thing any easier than learning the �rst?
In Advances in Neural Information Processing Systems8. MIT Press, 1996.

[89] Robert Tibshirani and Geo�rey Hinton. Coaching variables for regressionand
classi�cation. Technical report, Univ ersity of Toronto, September 1995.

[90] M. Tipping. Deriving cluster analytic distance functions from Gaussian mix-
ture models. In Proceedings of the 9th International Conference on ANN . IEE,
London, 1999.

[91] M. Tipping and C. Bishop. Mixtures of probabilistic principal component ana-
lyzers. Neural Computation, 11(2):443{482, 1999.

[92] Naftali Tishby, Fernando Pereira, and William Bialek. The Information Bottle-
neck method. In Proceedings of the 37th annual Al lerton Conference on Com-
munication, Control, and Computing, 1999.

[93] D. Titterington, A. Smith, and U. Makov. Statistical Analysis of Finite Mixtur e
Distributions . Wiley Series in Probabilit y and Mathematical Statistics. Wiley,
1st edition, 1985.



REFERENCES 62

[94] Simon Tong and Daphne Koller. Restricted Bayes optimal classi�ers. In Pro-
ceedings of AAAI , pages658{664, 2000.

[95] N. Ueda and R. Nakano. Deterministic annealing EM algorithm. Neural Net-
works, 11(2):271{282, 1998.

[96] N. Ueda, R. Nakano, Z. Ghahramani, and G. Hinton. SMEM algorithm for
mixture models. In M. Kearns, S. Solla, and D. Cohn, editors, Advances in
Neural Information Processing Systems11. MIT Press, 1998.

[97] Vladimir N. Vapnik. Estimation of Dependences based on Empiric al Data. Series
in Statistics. Springer, 1st edition, 1982.

[98] Vladimir N. Vapnik. The Nature of Statistical Learning Theory. Springer, 1995.

[99] Vladimir N. Vapnik. Statistical Learning Theory. Wiley, 1st edition, 1998.

[100] Grace Wahba. Spline Models for Observational Data. CBMS-NSF Regional
ConferenceSeries.SIAM Society for Industrial and Applied Mathematics, 1990.

[101] S. R. Waterhouse and A. J. Robinson. Classi�cation using hierarchical mixtures
of experts. In IEEE Workshop on Neural Networks for Signal Processing4, pages
177{186, 1994.

[102] Christopher K. I. Williams. Prediction with Gaussian processes:From linear
regressionto linear prediction and beyond. In Jordan [50].

[103] Christopher K. I. Williams and Carl E. Rasmussen. Gaussian processesfor
regression.In Advances in Neural Information ProcessingSystems8. MIT Press,
1996.

[104] A. L. Yuille, P. Stolorz, and J. Utans. Statistical physics, mixtures of distribu-
tions and the EM algorithm. Neural Computation, 6(2):334{340, 1994.

[105] Tong Zhang and Frank Oles. A probabilit y analysis on the value of unlabeled
data for classi�cation problems. In International Joint Conference on Machine
Learning, 2000.


