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Abstract

In this paper, on the one hand, we aim to give a review on literature
dealing with the problem of supervised learning aided by additional unla-
beled data. On the other hand, being a part of the author's rst year PhD
report, the paper servesas a frame to bundle related work by the author
as well as numerous suggestionsfor potential future work. Therefore, this
work contains more speculative and partly subjective material than the
reader might expect from a literature review.

We give a rigorous de nition of the problem and relate it to super-
vised and unsupervised learning. The crucial role of prior knowledge is
put forward, and we discuss the important notion of input-dep endert
regularization. We postulate a number of baseline methods, being algo-
rithms or algorithmic schemeswhich can more or less straightforw ardly
be applied to the problem, without the need for genuinely new concepts.
However, some of them might serve as basis for a genuine method. In the
literature review, we try to cover the wide variety of (recent) work and to
classify this work into meaningful categories. We also mention work done
on related problems and suggestsomeideastowards synthesis. Finally, we
discusssome caveats and tradeo s of certral importance to the problem.
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1 Intro duction

Learning from data can be seenas the most rigorous attempt to drastically
compress data without losing much of the inherent information. All learning
strategies must therefore be basedon the belief in the hidden inherent simplic-
ity of relationships, Occam's razor, asis the whole of modern natural science.
Statistical machine learning tries to replicate the highly original and creative
patterns of human learning on dull computers, using conceptsfrom probability
theory.

The key to e cien t compressionis the introduction of latent variables assai-
ated with the obsenables, such that knowledge of the latent variables reduces
the complexity of describing the obsenablesdrastically. Namely, the combined
description of both latent and obsenable variables should be much lesscostly
than the straightforw ard description of the obsenablesalone. An exampleis the
invertion of words in a languageto describe objects within our visual experi-
ences.

To link thesevariables, in order to be able to work with them in an inference
or coding-decading machinery, we need to build models'. A model family is
a conditional probability distribution P(AjB; ), where A and B are disjoint
sets of variables (B may be empty), and 2 is a latent variable assaiated
with the model family. Often, model families are written as sets of distribu-
tions fP(AjB; )j 2 g, andthe elemers, being conditional distributions AjB
indexed by valuesof , are called model$. Somemodel families, e.g. prior dis-
tributions for variables at the top of the hierarchy (seebelow) or certain noise
models, havej j= 1, in which casewe can getrid of the variable . It is very
important to note that all model families used within an inference machinery
are known beforehandto coding and decaling side (as are the rangesof all the
variables). Furthermore, we require that the whole machinery is completely de-
ned in the sensethat the total of all modelsallows us to compute a joint prior
distribution over all variablesin a consistert way.

Often, by observing which variable is conditioned on which under the model
families, one can determine a certain ordering (or \direction of data generation")
which givesrise to a hierarchy. The notion of a hierarchy is very important in
Bayesian analysis, e.g. a complex of model families describing the part of the
hierarchy which speci es the joint prior distribution for a subsetof the latent
variables, is sometimesreferred to as hierarchical prior. Berger [8] givesa good
intro duction into Bayesiananalysis.

There are two important, basic mecanisms for introducing latent variables
to achieve better compression.The principle of divide and conquer states that

1Such models can be very simple, e.g. in the caseof nonparametric statistical methods. We
will give examples below.

2Note that wetreat in the sameway as any other latent variable. Our framework would
be easier if we de ned model families simply as conditional distributions, however it is the
general convention to link a model family with an explicit variable and to write the family
as set indexed by , and we do not want to break with this.
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if a relationship cannot be described easily enough as it is, we should try to
separateit into a nite number of units, eat of which is more accessibleto
e cien t description. In our framework, this can be done by introducing a new
groupingor clustering variable k with a nite range.A modelfor AjB canthen be
described by a mixtur e of modelsfor AjfB ; kg, this alsoinvolvesmodeling kjB. A
secondmedhanismworks by imposingfunctional relationshipsbetweenvariables,
obscured by completely unstructured noise. E.g. to describe the relationship
AjB, we can build a model family f P(AjB; )g sud that ead model computes
a xed mapping (B), then P(AjB; ) = Pnoise (Aj (B)). The conditional
distribution on the right side is called a noise model. It is the samefor all the
modelsin the family, and often has a simple parametric form, e.g. a Gaussian.
Note that if data for A;B is to be compressedgiven this model family, we
should prefer models sud that the true distribution P(Aj (B)) is indeed
as unstructured as possible, and closeto Pnoise (Aj  (B)). Thus, the models
we prefer for compressionare aimed towards sefrating structure from noise, a
certral goalin learning from data.

1.1 Supervised and unsup ervised learning

In statistical machine learning, two dierent scenarioscan easily be distin-
guished:

Supervised learning (learning with a teacher)

Unsupervised learning

In the supervisal learning scenario,aspectsof an unknown probabilistic relation-
ship P(x ;t) betweenexamplesor input points x 2 X and targetsor lakelst 2 T

drawn independertly from P(x;t). This problem classincludes pattern recogni-
tion or classi cation (T nite) and regressionestimation (T R).

In this paper, we will almost exclusively dealwith the classi cation scenario,al-
though mostideasshould carry overto other scenariodik e regressionestimation.
With respect to our coding perspective, we could say that in the classi cation
case,somelody else(humansfrom earlier generations,clever sciertists, :::) has
already done the job of identifying t as grouping variable potentially valuable
for e cien t compression.Since we (and the world around us) have agreedto
trust this decision, t is not latent anymore, but can be obsened. We almost
surely possesdurther prior knowledgeabout the relationship which we can use
together with the data for our inference,and this prior knowledge might come
from the samesource.Somereadersmight object here, noting that even simple
classi cation learning schemescan be shown to be consistent, i.e. canlearn any
relation P(x;t) given unlimited data, so why bother with these compression
ideas and with models altogether? However, learning from limited data is of
coursean ill-posa problem since without any kind of prior knowledge about
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the relationship, the obsened data doesnot cortain any information on how to
genealize to unseendata.

Classi cation schemescan be grouped into two major classes(see [22],[71]),
following either the diagnostic or the sampling paradigm. Methods within the
diagnostic paradigm will be referredto asdiagnostic methads (or discriminative
methals), while schemeswithin the sampling paradigm will be called geneative
methads®. When designinga generative method, we uset asa grouping variable
in the compressionsense|.e. we assumethat the classdistributions P (xjt) can
be describede cien tly. This assumptionleadsusto proposinga model family for
ead of the classdistributions. In diagnostic methods, which are more related
to regressionestimation, we assumethat P (tjx) can be described e cien tly,
and we use a model family to imposea noisy functional relationship (the noise
model is a multinomial one). The imposedfunctional relationships can be very
simple, e.g. in logistic regression (e.g. [57]), but the model family can also be
parameterizedin a very complexway. For example,in kernel methads, the model
family is parameterizedby a latent function or mapping (i.e. represens one
or more random processes).

Sdcemesfor regressionestimation usually proceedin the sameway as diagnos-
tic classi cation methods, i.e. model P (tjx). Traditionally, in such diagnostic
schemesthe parameter of the model family f P (tjx; )gandthe input variable

X are a-priori independert. This leadsto schemesin which it is not necessary
to learn anything about the marginal P(x) from data. In coding terms, these
schemesdo not needto describe the input points in the data e cien tly. We

can easily modify our coding perspective in such cases,namely by allowing the

input points in the dataset (to be compressed)}o be sert for free. However, an

important point we will make in this paper (seesubsectionsl.3.2,1.3.3and 2.4)

is that this kind of independenceassumptionis not sensibleif we want to learn

from additional unlabeled data. As soon as we drop this assumption (seee.g.

[83]), e cien t description of the input points becomesan issue.

While supervised learning usually follows a well-de ned goal, e.g. minimizing
the generalization error in classi cation or minimizing the expected lossin re-
gressionestimation, there are no suc de nitiv e criteria for unsupervised learn-
ing scenario$. Here, we are required to nd \in teresting structures" within a

tion P(x) (also called source). According to Occam'srazor, what we are really
looking for are structures which are inherertly very simple, however obscured
by unpredictibly random noise. This problem seemsto be very much harder

3The term \sampling paradigm" is used for \historical" reasons,but actually clashesin the
most unfortunate way with the terminology for methods employing Monte Carlo sampling,
such are often referred to as sampling methods.

4There is a general criterion which has already been mentioned above. Namely, the best
solution to an unsupervised learning problem is the one that enables us to encode the data
source in the most e cien t way. However, while this criterion can lead us successfully during
the design of the model family , model selection or the search within a model family, it is too
strong as an absolute criterion in practice, where it is often only feasible (or desirable) to focus
on particular aspects instead of attacking the whole problem of the optimal represertation.



1 INTR ODUCTION 7

than the supervised learning scenario, since it requires the algorithm (or the

designerthereof) to identify latent variables suitable for e cien t compression
of the source.In essencean unsupervised method performs density estimation,

and many of the most successfulinsupervisedalgorithms are formulated asgen-
erative modelsfor P (x) whosecomplexity is carefully cortrolled and regularized
while being tted to the data. By choosing appropriate restrictive model fami-

lies, we can also aim for lower targets, i.e. learning particular kinds of structure

in the data, with no intention of represerting P (x) faithfully by the nal result,

however the basic \driv " in the optimization is always to t the data in the

best possibleway.

Examplesof unsupervisedtechniquesinclude latent subspacanodelslik e princi-
pal component analysis (PCA) (e.g.[10]), factor analysis (e.g.[28]) or principal
curves [39]. Here, we introduce a latent \compression" variable u, living in a
low-dimensional space, furthermore impose a noisy functional relationship on
X ju. The functional relationships are represened either by linear or by more
powerful nonlinear models, in the latter casethe model family is tightly regular-
ized by an appropriate prior P( ) on the model parameter . The noise model
is usually a Gaussian. Other examplesare mixture models (e.g. [59],[93],[70])
where the latent variable is a grouping variable from a nite set (similar to
the classlabel in supervised classi cation), and the conditional models come
from simple families such as Gaussianswith structurally restricted covariance
matrices. Combinations of mixture and latent subspacemodels have also been
consideredin numerousvariants (e.g. [91], [34],[96,[33)).

Finally note how, within all these models, complexity can be regulated at vari-
ouslevels. The relations betweenlatent and obsenable variablesare kept simple
by choosing relatively narrow model families or by regularizing models, i.e. by
penalizing complex modelswithin a family. This is naturally achieved by placing
aprior distribution over the parameter of the model family, which judgessimple
models as more probable than complex ones.But also the complexity of other
latent variables needsto be tightly cortrolled, e.g.the number of componerts
in a mixture or the number of dimensionsof latent subspacesOften, there is
considerableinterplay betweenlevelsin this hierarchy. For example,in split-and-
mergeheuristics for mixture density estimation (e.g. [96]), componerts are split
once their densities grow wide or unusually elongated, while componerts are
mergedoncetheir densitiesoverlap strongly. In this example,the prior distribu-
tions over the model families for the componerts favour more concenrated over
strongly elongateddistributions, while the prior on the number of componerts
favours small numbers.

1.2 Supervised learning aided by additional unlab eled
data

There are problems which do not belong to either of the principal classesdis-
cussedin the previous subsectionl.1, and they are of immensepractical impor-
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tance. For example, we might face a supervised classi cation problem for the
relationship P (x;t) for which it is easyto obtain a large sample of unlakeled
data, but the procesof labeling points x drawn from P (x), accordingto P (tjx),
is very expensive, computationally hard or di cult to perform out of other rea-
sons.For example, the labeling might require human insight, suc asin speed
recognition, object recognition in imagesor classifying hypertext pages,or the
performance of expensiwe tests or experimerts, suc asin medical diagnosisor
functional proteomics. In short, the practical interest in methods to attack the
problem of supervised learning aided by additional unlakeled data (short: the
lakeled-unlabkeled problen), to be de ned in the following, is considerable.

Given an unknown probabilistic relationship P (x;t) between input points x

nd a predictor = f(x) sudc that the genealization error of f,
Per fix) 8t ; 1)

is small, ideally closeto the Bayeserror, being the minimum of the generaliza-
tion errors of all predictors. We are looking for algorithms to compute f' from

anunlakeled sampleD = fxjji = n+1;:::;n+mg, Wherethq:xi aredrawn
independertly from the marginal input distribution P(x) = f:l P(x;t).
D, is sampledindependenly from Dy,

prior knowledge (or assumptions)about the unknown relationship.

If Dy is empty, this is the traditional supervised learning problem. The most
interesting casefrom a practical viewpoint arisesfor n = jD,j rather small and
m=jDyj n.

Let us de ne someadditional notation which we will usethroughout the paper.

complete obsened data) is D = (Dy; Dy).

Avalilability of prior knowledge about the relationship (often in a form of Oc-
cam'srazor) is crucial, asarguedin subsectionl.1. Howewer, it is very important
to note that prior knowledge (or assumptions) are usedto a quite di erent de-
greeand with dierent nal impact, if we comparesupervisedand unsupervised

5Here, one tries to deduce the function of certain proteins in a cell. In the moment, the
ultimate, but often very dicult and expensive method to do this is to grow a crystal, and
then to determine the three-dimensional protein structure using x-ray crystallograph y. Other
features, such as the expression level of the protein in a certain type of cell under certain
conditions, its linear amino acid sequenceor o w characteristics under gel electrophoresis, can
be determined very much cheaper and on a large scale, often fully automatized.
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learning. In supervisedlearning, prior knowledgeis usedmerely asa kind of \se-
curity belt", to prevert the algorithm to run aheadand useits most fancy model
to t all bits and piecesof the dataset. In the limit of a large labeled dataset, this
belt becomeslooserand looser, until its impact on the nal prediction almost
vanishes.In unsupervised learning, prior assumptionswill always have a strong
impact on the nal result. There is not something like an \a-priori interesting
structure” in data, i.e. any kind of structure we discover in data always depends
on our view on the examples,e.g. on the features we useto describe them or
the distance we useto relate them. Having made this obsenation, for any al-
gorithm to attack the general problem of supervised learning with additional
unlabeled data, it is crucial to balance the impact of prior assumptions very
carefully betweenthesetwo extremes.

1.3 Paradigms for supervised classication

The basic paradigms for supervised classi cation have already beenintro duced
in subsection1.1. Here, we discussthem in more detail and describe the role
unlabeled data plays in eac of them. The relative merits of typical methods
within the paradigm, especially w.r.t. possible extensionsof such methods to
solve the labeled-unlabeled problem are discussedin subsection5.2.

1.3.1 The sampling paradigm

Werefer to architectures following the sampling paradigm

as geneative methads. Within sud, we model the class

distributions P (x jt) usingmodel familiesf P (xjt; )g, fur-

thermore the classpriors P(t) by = P(tj ); = ( t)t-

We also refer to an architecture of this type as a joint

density model architecture, sincewe are modeling the full

joint density P(x;t) by (P(xjt; ). For any xed non ®<_®
an estimate of P(tjx) can then be computed by Bayes'

formula:

AP (xjt ")

P(tix;"; ") = p : 2
(t ) AP ([0 ()

Alternativ ely, one can obtain the Bayesian predictive distribution P (tjx;D)
by averaging P (tjx; ; ) over the posterior P( ; jD;). Within the sampling
paradigm, a model for the marginal P (x) emergesnaturally as

XC

P(xj ;)= tP(XJt): ®3)
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Therefore, if labeled and unlabeled data is available, a natural criterion to max-
imize would be the joint log likelihood of both D, and D,
X . % m xc .
log t, P(xijti; )+ log tP(Xijt; ), 4)
i=1 i=n+l t=1

or alternatively the posterior P( ; jD;;Dy).® This is essetially an issue of
maximum likelihood in the presenceof missing data (treating t as latent vari-
able), which canin principle be attacked by the expectation-maximization (EM)
algorithm (seesubsection2.2).

While the implicit represenation of P(x) is appealing, generative methods of-
ten exhibit signi cant drawbadks on supervised learning tasks, and we expect
someof theseto be even more expressedf we add unlabeled data in the learn-
ing process,as described above. We discusssome of these issuesin subsection
5.2. Furthermore, even in situations where the joint density model families are
appropriate, EM might exhibit sewere local maxima problems, as discussedin
subsection2.2.

1.3.2 The diagnostic paradigm

In diagnostic methals, we model the conditional distribu-

tion P (tjx) directly using the family fP(tjx; )g, asdis-

cussedin subsectionl.1. To arrive at a complete sampling

model for the data, we alsohaveto model P (x) by a fam-

ily P(xj ), however if we are only interestedin updating

our belief in  or in predicting t on unseenpoints, this

is not necessaryas we will seenext. Under this model, ®_>®
and area-priori independent i.e.P( ; )= P( )P( ).

The likelihood factors as

P(Di;Duj 5 )= PMjXy; )P(X;Dyj );

which implies that P( jD;;Dy) / P((MjXy; )P( ), i.e. P( jD;;Dy) =
P( jD)),and and area-posteriori independent Furthermore, P( jD; )=
P( jDi). This meansthat neither knowledgeof the unlabeled data D, nor any
knowledge of  changesthe posterior belief P( jD;) of the labeled sample.
Therefore, in the standard data generation model for diagnostic methods, un-
labeled data cannot be used for Bayesian inference, and modelling the input
distribution P(x) is not necessaryThe advantagesand drawbadks of diagnostic
methods, as comparedto generative ones(see subsection1.3.1), are discussed
in subsection5.2. In order to make useof unlabeled data in diagnostic methods,
the data generation model discussedabove has to be modi ed, and this is the
topic of the next subsection.

6To predict, we average P(tj ; ; ) over the posterior. If we know that is drawn from
P( ) and independent from D, we should rather employ the posterior P( ; jD;;Duy; ).

However, in this casethe test set usually forms a part of Dy, and the two posteriors are the
same.
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1.3.3 Regularization depending on the input distribution

We have seenin subsection 1.3.2 that within traditional diagnostic methods
for classi cation, we cannot make use of additional unlabeled data D,. The
principal reasonfor this isthat (to model P(tjx)) and (to model P(x)) are
a-priori independert. In other words, the model family f P (tjx; )gisregularized
independently of the input distribution.

If we allow prior dependenciesbetwegn and , e.g.
P(;)=P(j)P()andP()= P(j)P()d

(as shown in the independencediagram to the right), the

situation changes.The conditional prior P( j ) in prin-

ciple allows information about to be transferred to . @

In general, and D, will be dependert giventhe labeled
data D, thereforeunlabeleddata can changeour posterior
belief in

We concludethat to make use of additional unlabeled data within the context
of diagnostic supervisedtechniques,we haveto allow an a-priori dependencebe-
tweenthe latent function represering the conditional probability and the input
probability itself, in other words, we have to use a regularization of the latent
function which depends on the input distribution. This argumen is explored
in more detail in [83]. We remark that while the modi cation to the standard
data generation model for diagnostic methods suggestedhere s straightforward
in principle, choosing appropriate conditional priors P( j ) which on the one
hand represen available prior knowledgein an appropriate way’, on the other
hand render the whole inference machinery tractable, at least in an approxi-
mative sense,can be very challenging. An important example is given by the
Co-Training paradigm (seesubsection3.3). Here, the idea of exploiting redun-
danciesbhetweentwo or more views on examplesis usedto regularize a hypoth-
esisclassbasedon information about P(x). This idea, which originates from
earlier work on unsupervised learning, can be seenas a quite generalway to
construct conditional priors P( j ) for a task at hand, although a reasonably
general formulation of such a construction processhas not yet been given (to
our knowledge). Someideasin that direction can be found in [83].

Somereaders might feel a bit uneasyat this point. If we use a-priori depen-
dent and |, the nal predictive distribution dependson the prior P( ) over
the input distribution. This forcesus to model the input distribution itself, in
strong cortrast to the situation for traditional diagnostic methods (seesubsec-
tion 1.3.2). In this case,will our method still be a diagnostic one? Diagnostic
methods have the clear advantage over generative techniques that they often
require orders of magnitude less free parameters which have to be adjusted
while learning from data (seesubsection5.2). However, we do not model eac
individual classdistribution, but the marginal of x only. Furthermore, if the

7As discussedin detail in [83], P( j ) should enforce prior assumptions in a way which is
neither too restrictiv e, so as not to intro duce a systematical bias, nor too loose, so that the
prior can be expected to have sucien t impact on the nal prediction.
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input-dependert regularization is done sensibly (see[83] for a discussion), the
impact of an oversimple model for P(x) on the nal prediction is much less
sewerethan in typical methods belonging to the sampling paradigm. Finally, it
is generally assumedthat unlabeled data is abundart, therefore in theory we
need not restrict ourselves to simple models for P(x). To conclude, while it
is true that \diagnostic" technigues which useinput-dependen regularization,
share the need for density modeling with generative methods, in our opinion
they should still be classi ed as belongingto the diagnostic paradigm®.

Theoretical studies of supervised learning methods within the probably approxi-
mately correct (PAC) framework (e.g.[52]) focuson diagnostic schemesand con-
sequettly ignore the input distribution P(x) in that they either do not restrict
it at all or assumeit to be uniform over X . The \ ::: questionof how unlabeled
examplescan be usedto augmen labeled data seemsa slippery one from the
point of view of standard PAC assumptions” (citation from Blum and Mitc hell
[11]). PAC boundsanalyzedeviations betweentraining and generalizationerror
for certain predictors, drawn from a hypothesisset of limited complexity. Com-
plexity measuresfor hypothesis sets, such as the Vapnik-Chervonenkis (V C)
dimension (see[99)]), usually do not depend on the input distribution. In other
words, a PAC result appliesuniformly for any distribution P (x;t), which is nice,
but it merely bounds the probability of drawing an i.i.d. sampleof a given size
from P(x;t) and then measuring a \more-than-"" deviation between training
error (on this sample) and generalization error for any of the hypothesesfrom
the restricted class. If all the hypothesesin this class have unacceptably high
training error on the giventraining sample,the only thing we can do is to make
the hypothesisclasslarger and more complex, leading to a worselarge deviation
bound. In most practical real-world applications, where samplesdo not have as-
tronomical size, even the best known PAC bounds on the generalization error
are usually ridiculously far from being tight.

However, in principle nothing stops us from considering PAC bounds which do
not hold uniformly for all P (x). Although such boundswould hold for all P (x ;t),
their value would depend on characteristics of D, therefore on P(x). Indeed,
the bounds given in [76] can be interpreted in this sense.Such bounds might
be tighter than uniform onesin caseswhere P(x;t) doesnot strongly violate
our prior assumptions. Such bounds could then possibly be usedto motivate
regularization depending on the input distribution.

There are principled frameworks other than Bayesiananalysiswith conditional
priors that attack the labeled-unlabeled problem. Some of them will be dis-
cussedin the review section 3 of this paper. For example, subsection 3.6 dis-
cussegestricted Bayesoptimal classi cation [94] and relatesit directly to input-
dependert regularization.

81n the same way as restricte d Bayes optimal classi ¢ ation is considered to be a diagnostic
technique (see subsection 3.6).
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1.4 Overview of the paper

We concludethis intro ductionary sectionby giving an overview of the remainder
of the paper. Although the essetial aim of this paper is to give a review of
the literature on the labeled-unlabeled problem, parts of this work emphasize
and re ect the author's subjective beliefs in what is important and original

versuswhat should be criticized and how. We would be very happy to get into

discussionwith readersof this paper, and to validate our views basedon their

argumerts. However, we have done our best to report and to argue fair. We
do not claim to be exhaustive, especially not with respect to lessrecert work.

Castelli and Cover [15] collect somereferencesto older work.

Someimportant topics have been\outsourced" into separate papers, such as
the issue of input-dependert regularization of conditional density models (see
[83] and subsection1.3.3). Others are subject of current work, suc asthe gen-
eralization of Fisher kernelsmertioned brie y in subsection3.5. We would also
like to emphasizethat the paper is somewhatbiasel towards mertioning recert
work done by the author himself. Besidesgiving a comprehensie literature re-
view, another aim of this paper is to build a frame around this work, to put it
into a context and onto a basis, all within the e ort to give an overview over
the rst year of the author's PhD period.

In section2, we identify baselinemethods for the problem of supervisedlearning
aided by additional unlabeled data (the \lab eled-unlabeled problem"). These
methods attack the problem in a genericway and are straightforward trans-
formations of already existing standard methods (for supervised or unsuper-
vised learning) to the new problem domain. Any method claiming to solve the
labeled-unlabeled problem should ideally be comparedwith all of them. Section
3 contains the literature review and forms the main part of the paper. Section
4 describes some problems that we think are related to the labeled-unlabeled
problem, together with selectedwork done on these problems. In section 5, we
discusssomecaveats and tradeo s linked with the labeled-unlabeled problem.
Section 6 preseris conclusions.

2 Baseline metho ds

In this section,we de ne somebaselinemethods which canin principle be usedto
attack any realization of the labeled-unlabeled problem, asde ned in subsection
1.2. The criteria usedto selectthese methods are not rigid, but someof them
might be:

1. The method is generic,i.e. not only applicable to a special task.

2. The method is a relatively straightforward transformation of already ex-
isting standard techniques for supervised and/or unsupervised learning.



2 BASELINE METHODS 14

It is our opinion that thesebaselinemethods, or straightforw ard variants thereof,
should not be consideredas solutions to the labeled-unlabeled problem, even
though they might work well on certain tasks. Each of them has se\eral sewere
shortcomings (these will be discussed)which, in our opinion, have to be ad-
dressedusing (probably) geruinely new ideas. However, baseline methods are
very useful to comparegeruinely new techniques against.

The simplest baselinemethod is of courseto discard the unlabeled data and to
predict basedon the labeled training data D, (and the available prior knowl-
edge) alone, using our favourite supervised algorithm. However, some authors
seemto overemphasizethe importance of this baseline method. For example,
if n = jD|j is rather small®, most supervised methods will naturally perform
poorly. Therefore, if a labeled-unlabeled algorithm outperforms this baseline
method signi cantly, we cannot necessarilyconcludethat the labeled-unlabeled
algorithm is suitable to solve our problem, but rather that the problem cannot
be sensibly attacked basedon the sparsedata D, only. Another, possibly more
subtle issueis the use of cross-validation to set free parametersin supervised
learning methods. Cross-walidation on small training setsis doomedto fail due
to very high variance.In our opinion, the only sensibleway to predict from small
training setsis by using Bayesianinferencetogether with any kind of available
prior information.

On certain, articially created tasks we can compare our labeled-unlabeled
method against the \non-plus-ultra® method, namely a supervised algorithm
which is given D|; D, and the missing labels on D,. This is of coursenot a
baselinemethod, but it might be quite useful in a casestudy to set limits. Ex-
pecting that our method comesvery closeto this ideal for rather small D, is
naive, though. Although our aim is the sameas for a supervised method, the
given data information is much closerto an unsupervised setting.

Some readers might object that we are preserting or suggestingsome meth-
ods here without having tested them on data. However, most of the methods
preseried here have been proposedin the literature, at least on special tasks.
This will be made clear in the review section 3 of this paper. Second,rather
than concretebaselinealgorithms we suggestmethods or schemes.The concrete
realization is left to anyonewho might want to usethem for comparative studies.

9t is dicult to get a\w orking de nition" for what we mean by \rather small" D,. If our
model and prior assumptions for P( ;t) are correct, we could dene n to be a rather small
dataset size if Bayesian analysis using these assumptions performs on average signi can tly
worse than the (optimal) Bayes classi er which achieves the Bayes error. In practice, it is
necessaryto study learning curves for both the supervised baseline method and the labeled-
unlab eled algorithm, in which test errors (averaged over some trials) are plotted against the
relativ e size of D), i.e. the percentage of labeled data, n=(n + m).
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2.1 Unsup ervised learning, followed by assignment of
clusters to classes

Let us assumethat m  n, i.e. while labeled data is sparse,unlabeled data is
abundant. In this case,we can use a sophisticated unsupervised algorithm to
generatea model (or a posterior distribution over models) which ts the unla-
beled data only. The design of the unsupervised method of coursedependson
the prior knowledge we have about P (x ;t). For example, assumeX = RY and
the validity of the \cluster assumption", namely that two points x ; x° should
have the samelabel t if there is a path betweenthem in X which passesonly
through regionsof relatively high P (x). Recerily, Tipping [90] and Rattray [69]
proposedways to construct sophisticated distance measureswhich are aimed at
nding suc clusters. To this end, we rst t a Gaussianmixture model to the
unlabeled data (the number of mixture componerts can be much larger than
the number of classesc = jTj). From the tted model, the distance between
any two points can then be computed. We can now usea simple algorithm like
k-nearest neighbor (see[27]) together with the labeled data D, and the dis-
tance inferred from D. Note that the \cluster assumption" is a very general
and weak assumption, therefore applicable as prior assumptionto many unsu-
pervisedtasks. If prior knowledge of a stronger nature is available, it might be
possibleto usesimpler distance measuresbut it is important that the distance
can be learned from the unlabeleddata D .

In caseof X = RY, prior knowledgeabout the task might allow usto assumethat
data from ead classcan faithfully be modeled as coming from an underlying
low-dimensionalmanifold (or, more generally, from a mixture of such manifolds),
convolvedwith Gaussiannoise’. The geneative topographic mapping (GTM) [9]
is a very powerful architecture in such situations, obtaining the latent manifold
asa smooth nonlinear mapping of a uniform distribution over a low-dimensional
space,represerted by a regular grid. One could try to t a mixture of GTM's
with a rather small number of componerts K (however, K ¢ = jTj) to Dy,
keepingthe componert manifolds smooth using Occam priors'?.

An eveneasiermethod canbe constructed by imposingthe existenceof a (latent)
seprator variable k betweenx andt, i.e. x andt are conditionally independert

model to the relationship betweenx and k (where k is the variable selectingthe
componert). Then, we x P(k) aswell asthe componert models P (x jk) and
train the P(tjk), e.g.by maximizing the likelihood of the labeled data D,. This
technique is further discussedin subsection2.3, giving rise to another baseline
method.

The conceptually simple method basedon the cluster assumption might work

100ne can use spherical Gaussian noise, but a more reasonable model would be to use
Gaussians whose principal axes are aligned with the tangent space of the manifold at eact
center. Both alternativ es are discussedin [9].

1 However, tting mixtures of GTM has been proved very dicult in practice (thanks to
Chris Williams for pointing this out).
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surprisingly well on real-world problems. It is, however, restricted to the case
X = RY, and the computation of the distances mertioned is computationally
quite heavy. A more fundamental aspect with respect to the labeled-unlabeled
problem is that the cluster assumption is usually not true everywhee in the
region of interest. Now, evenif the labeleddataset D, is small, it might point us
to such critical places,e.g.suggestsplitting a cluster eventhough it is not crossed
by low-density regionsof P (x). Ideally, the nal distance should depend on this
information. One could for example start with the distance basedon D, only,
then carefully \inject" the label information, thereby modifying the distance at
placeswhere label evidencesuggestsso, leaving it unchanged everywhere else.
We are not aware of any principled work beendonein this direction.

The technique basedon the separatorvariable k is straightforward to run. How-
ever, we do not expect it to work very well in general, given that standard
Gaussianmixture modelsare usedto t P(x). One strength of mixture models
for density estimation is that many simple componert densities can \connect"
together to model quite complicated, maybe elongated, connectedhigh-density
regions. However, this notion of connectednesss not supported by the method
at all. Therefore, in general,connectedhigh-density regionswill only be labeled
consistertly correctif labeleddata falls within most of the componerts modeling
the region. This is improbable if D, is small.

The (hypothetical) mixture of GTM's method would alleviate this problem sig-
ni cantly in that here, certers belongingto the samecluster (i.e. being assigned
to the samecomponert GTM) are constrained to lie on the samesmooth low-
dimensional manifold. Unfortunately, inferenceis computationally quite expen-
sivefor GTM's, growing exponertially in the number of dimensionsof the latent
manifold. However, simple extensionsof GTM, possibly employing more elabo-
rate noisemodelscould be usedasvery powerful componert modelsin a mixture
approach evenif ead componert is restricted to a small latent dimensionality.

We nally mertion a generalidea for \injecting”" the label information from D,
after having learned a probabilistic partitioning P (kjx ;") of X from D,. This
ideais in line with a method suggestedin subsection2.3 and works by tting

simple local \exp erts" P (tjx;k; ) (e.g.logistic regression)to data in the di er-

ent clusters,where isthe parametervector. Expert k is trained on areweighted
versionof Dy, namely eadh point (x;:t;) is weighted by P (kjxi;"). For example,
supposethat T = f 1;+1gand P(tjx;k; )= (t(! fx + b)), where (u) =
1=(1 + exp( u)) is the logistic function, and = (! 1;:::;! ;b ). Fit-
ting sud logistic regressionmodelsto maximize the likelihood of weighted data
can by done by the iteratively reweightel least squaes (IRLS) technique (see
e.g.[57]). In our case,the data is sparse,so one would also employ an Occam
prior P(! ) = N(! jO; 1). If we are only after an MAP approximation to full
Bayesian analysist?, we can still use the IRLS method to compute this. The
advantage of this method over labeling the clusters by assumingthat k acts as

12The MAP approximation to Bayesian analysis is briey discussed (in another context) in
subsection 2.4. Details can be found e.g. in [55].
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separatorbetweenx andt, asdiscussedabove in this subsection,is that clusters
can be split betweenseweral classesf the labeled data suggestsso. Note that if
all points in D, which have signi cant weight for cluster k, belongto one class,
by our Occamprior on! the MAP model P (tjx;k; *) will be almost constart.

2.2 Exp ectation-maximization on a joint density model

Rather than treating D, asgeruinely unlabeleddata, we can alsoview the labels
on thesepoints as missing data. Expectation-maximization (EM) (see[25],[2]) is
a generaltechnique for maximum likelihood estimation in the presenceof latent
variables or missing data. The idea of the basic batch version of EM is simple.
We can distinguish between a complete likelihood function over obsened and
unobsened data and a marginal likelihood function which is obtained from the
complete one by integrating the latent variables out. The goal is to maximize
the marginal likelihood. This is done by iterating the following two steps. In
the so-calledE step we compute the conditional distribution of the latent vari-
ables, given the obsened data and the current model estimate. In the M step
we compute the expectation of the complete log likelihood function under this
conditional distribution, and then choosea new model which maximizesthis cri-
terion. To be more specic, let z, be the obsened, z, be the hidden variables.
By Jensers inequality (e.g. [20]), applied to the concave log, we have

z

i . P(zy;znj
logP(zvj )=log P(zv;znj )dzn Ez Q) log ~(ZviZni )

Q(zn)

for any distribution Q(zy). For xed z, = z, and the current model estimate
" we chooseQ(zn) = P(znjz,:;") in the E stepin order to achieve the tightest
possiblebound. EM can therefore be seenas successie maximization of (vary-
ing) lower bounds to the marginal log likelihood. A crucial fact about the EM
criterion asa lower bound to the marginal log likelihood is that they are equal
to rst order if expandedw.rt. around ", and one can shaw that a local
maximum point " of the bound also maximizeslogP (z,j ) locally.

(®)

It springsinto mind to construct a model family for the joint distribution P (X ;t)
and to determine a model maximizing the joint likelihood by using the EM algo-
rithm, in order to attack the labeled-unlabeled problem. This is most easily be
done by choosing model families for the class-conditional distributions P (x jt).
The joint log likelihood is

X . x m xe .
log  P(xijti; )+ log tP(xijt; ); (6)
i=1 i=n+l t=1
where = P(tj ). The derivation of the EM equations then parallels very

closelythe caseof mixture models, which can be found in many textb ooks, e.g.
[10].
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Indeed, using EM to \Il in" labels on D, has already been suggestedvery
early, namely in a note by R. J. Little in the discussionof [25]. Chapter 1.11
of [59] givesthe idea and further references,howewver it is not clear whether
the authors suggestusing the approad for classi cation or merely for partially
unsupervisedlearning, whereunsupervised tting of a mixture modelto P(x) is
aidedby afewlabeledpoints D,. It hasbeenusedto attack the labeled-unlabeled
problem, e.g. for text classi cation [66]. However, usageof EM in this context
is somewhat dangerous, as we will argue next. First of all, we are required
to model the class-conditional distributions. In the terminology of subsection
1.3, we operate within the sampling paradigm and not within the often more
robust diagnostic paradigm. It hasfrequertly beenobsened that, in the purely
supervised setting, tting the class-conditional distributions with rather poor
models, then estimating P (tjx) by using thesemodelsin Bayes'formula, works
surprisingly well w.r.t. prediction, but poor as estimate of P (tjx), in that the
estimates at most points x have too low ertropy (i.e. the prediction is too
con dent at most points). Supposewe choose quite narrow families including
only simple models for the classes.We initialize EM by tting the models to
the labeled data D,. In the rst E step, the missing labels are \lled in" by
their expected values, given the current model and the obsened data. By the
overcon dent nature of the estimates based on the poor class models, these
\pseudo-labels" will be quite de nitiv e on many of the points from D . In other
words, the rst E step will assigna large number of points from D, to classes
quite con dently, based only on the initial poor model tted to D;. In the
subsequeh M step, these arti cially labeled points can outweigh the labeled
points from D, leading to a model which might even exhibit worse predictive
performancethan the initial one.In any case,we expect EM applied in this way
to quickly corvergeinto a poor local maximum of the joint likelihood, largely
determined by the \pseudo-labels" givento the points from D, during the rst
E step. This problem could be alleviated by allowing more complex classdensity
models. However, in this caseit is not clear how to t thesemodels initially if
D, is small. A typical situation where straightforward EM fails empirically, is
shown in [65].

2.2.1 A general view on exp ectation-maximization techniques

This subsectioncontains advancedmaterial not required for the generalunder-
standing of the remainder of the paper. Although we think the view on EM
techniques presened here is very useful for anybody who applies the standard
EM algorithm or variants to learning problems, the reader is invited to jump
to the last paragraphs of this subsection, where we state the consequence®f
the view relevant for this paper. In later versions of this paper, the presen
subsectionwill probably be \outsourced" into a separate,more comprehensie
technical report.

Although the standard batch EM algorithm, asapplied straightforwardly to the
labeled-unlabeled problem, su ers from se\ere robustnessproblems mertioned
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above, other notions of EM might be much better suited to attack the problem.
The key here is to adopt a very generalview on EM procedureswhich allows
us to modify the standard algorithm in a variety of ways without losing the
corvergenceguarartees.

EM is a special caseof an alternating minimization procedure in the context of
information geometry (see[21]), as has beenobsened by seweral authors (e.g.
[2],[41]). Sewral important problems in information theory, such as computa-
tion of the capacity of a (discrete memoryless)channel or of the rate-distortion
function, can be showvn to be equivalert to the following problem (seee.qg.[20)):
giventwo convex setsQ and P of distributions overz 2 Z, what is the minimum
divergenceming2g .p2p D (QkP) betweenthem, and for whichQ 2 Q;P 2 P
this minimum distance is attained? Here, the divergenceD is given by the rel-
ative entropy (or Kullback-Leibler divergene)

Q(2)
P(z)

D(QkP) = Eq log @)

D is a very useful divergencemeasurebetween probability distributions with a
clear information-theoretic interpretation (see[20]) and strong, yet somewhat
deep, motivations through information geometry (e.g. [2]). SinceD is convexin

both argumerts, the solution to this problem is unique, and the following very
simple alternating minimization procedureis guaranteedto nd it: start with

someQ 2 Q;P 2 P, then alternate E stepsin which Q  argming,q D (QkP),

and M stepsin which P argminp,p D(QkP). The minimization procedures
(aswell astheir outcomesin this context) in E and M step are called e-projection

and m-projection (e.g. [2]). Thesestepsare iterated until no more improvemert

in D(QkP) is obsened.

EM can be seenas a variant of this algorithm, as will be showvn next. In this
context, P will beafamily of modelsfor z, while Q cortains distributions related
to the empirical distribution of the data, asdetermined by the obsened sample.
Unfortunately, in all nontrivial applications of EM, it turns out that P is not a
convex set'?, therefore there can be many global solutions, and the algorithm

will in generalnot corvergeto any of these.However, givensu cien t smoothness
conditions on P,'* the algorithm nds a local solution, i.e. a pair (Q ;P ) which
minimizes D (QkP) amongall Q 2 Q and P 2 P in an \environment" of P .*°

Let S be a convex manifold'® of distributions P(z) over Z. Let z = (zy;zn)
wherez, is visible, z}, is hidden. De ne the model submanifoldP asmanifold em-

131n many cases, it is the direct product of several convex sets. EM can also be regarded
as alternating minimization procedure between three or more convex sets. As an aside, the
recently proposed information bottleneck learning algorithm can also be regarded as such a
procedure between three convex sets, therefore has the same theoretical basis than the EM
algorithm (see [92]).

14We do not discuss these conditions in detail here, they are usually fullled in practice.

15To be able to talk about \smo othness" and \environments”, we rst have to imp ose a
manifold structur e on P. In the context of EM, this is usually done by dening P to be a
model family parameterized by 2 9 or some submanifold thereof.

16\We shall not use geometrical properties of S here.
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beddedin S and parameterizedby . The EM algorithm, asdescribed at the be-
ginning of subsection2.2, is an iterativ e procedureto, givena samplez, from z,,
nd a (local) maxiggum P(z) = Iﬂ(zj’\) 2 P of the marginal likelihood function
P(z) 7' P(z,) = P((zy;zn)) dzh. Now de ne the (universg)) data manifold
Qu to contain all Q(z) 2 S sud that the marginal Q(zy) = Q((zv;zn)) dzn
is equal to the (marginal) empirical point distribution (z,;z,) of z,.}” Qu is
clearly corvex. It can be seenasto cortain all possiblebeliefs about the com-
plete data after having obsened z, = z,,. Now, to show the equivalenceof EM
with the alternating minimization procedure discussedin this section, we rst
look at the E step. Let P(z) = P(z]") denote the current model, and we are
looking for the e-projection @, i.e. @ 2 Qu to minimize D ( kP). First, we can
write O(z) = O(znjz,) (zv;z,), by the de nition of the data manifold Q.
Then, it is easyto seethat

z

Z
D(Qkﬁ) Q( )|Og o( ) dz = Q(Zhjzv) |Og Q( hJ v)
i") P(znizy; ")

D(Q(ZhJZv) kP(ZhJZv: ™)+ C;

dz, + C

(8)

where C is someconstart independert of Q. By the nonnegativity of the relative

entropy, the minimizer is Q(zhjzv) = P(znjzy; A), i.e. the posterior distribution

employed by EM in the E step. Furthermore, with this choice of O we have that
D(QkP(j )) H(Q)=Eg4llogP(z] )]

= B, panjey 109P((2yiZn)i ]

9)

Sincethe right-hand side of this equation is the usual EM criterion to be max-
imized in M step, and H (Q) does not depend on P(j )), we seethat EM
performs an m-projection onto P in the M step.

There are two things to note if one wants to make use of this new view. First
of all, the quality of the nal solution the algorithm preserts, as well as its
convergencespeed, depends very much on the initial choice of the model P.
A natural ideais to employ a sequene of EM algorithms, all having di erent
model submanifolds P, and using the solution computed by ead algorithm as
initialization for the next onein the sequenceSincethe EM algorithm is iterativ e
anyway, this \chaining" doesnot even changeits character. Of coursewe have
to make sure that the model family P we are really after stands at the end of
the sequence.Seweral advantages can in principle be realized by employing a
suitably chosensequencdnstead of one monolithic EM run:

For our model submanifold P, it might be the casethat EM only corverges
into a satisfactory solution if initialized very carefully, otherwise getsstuck
into poor local solutions. Such an initialization often requiresan expensive

17This distribution concertrates all the mass on the point = .
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seard. Another common practice is to start the algorithm a lot of times
from dierent randomly choseninitial points. By employing a cleverly
designedsequence(see discussionbelow), the seard can be done much
more principled and often more e cien t.18

For our P, it might be the casethat EM takesan unacceptablelong time
for corvergence,unlessit is initialized very carefully. Again, a suitably
chosensequenceof individually quickly converging EM runs can often be
expectedto nd a good initialization.

This idea will be generalizedbelow, wherewe useit to obtain annealedversions
of EM.

The secondpoint to note is that one doesnot necessarilyhave to perform com-
plete projections (i.e. minimizations) in all the E and M steps.Equivalently, one
can restrict the seard for the projections to subsetsof Qy and P respectively.
In order not to get stuck in spurious extrema, we only require that a true re-
duction in D(QkP) is achieved in ead step. This meansof coursethat in order
to assessnal corvergence,we have to face optimizations over the full Qy and
P, but especially in early stagesof the run we can get away more cheaply. Such
restrictions can of coursea ect the quality of the nal solution as well asthe
number of iterations neededuntil convergence,but in many casesthe bene ts
outweight the drawbacks by far.

Having arguedin very generalterms so far, we will now shaov how seeral well-
known extensionsof EM arise naturally within the view preseried above. We
will then motivate how some of these might be usedto eventually make EM
work better on the labeled-unlabeled problem. The (so called) genesnlized EM
variant is obtained by allowing partial rather than complete minimization in
the M steps. GeneralizedEM sometimesruns faster due to simpler seardesin
M steps.Howewer, in generalit requires more iterations until convergencethan
standard EM.

The variational variant of EM systematically usespartial minimization in the
E steps. This variant is useful in caseswhere standard EM is computationally
infeasible. It replacesthe full data manifold Qyu by a parameterized corvex
submanifold Q which is chosensud that minimization of D ( KP) over Q aswell
ascomputation of the criterion to be optimized in M step are feasible.Note that
usually Q doesnot contain most of the posterior distributions which standard
EM employs in the E steps,therefore the variational variant in generaldoesnot
convergenceto a local maximum of the marginal likelihood. Howewer, if Q is
a reasonably broad submanifold of Qu, the nal solution can still be of high
quality.

18For example, tting of Gaussian mixtures via EM is often initialized by rst tting a
mixture from a restricted model family, such asthe family of mixtures of Gaussians with the
identit y as covariance matrix, or by running the k-means procedure which is a limit case of
the latter.
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There are sequential versionsof EM which, in every E step, compute the pos-
terior distributions only over a subset of all latent variables in z},, and use
posteriors computed in earlier E stepson the remaining ones.In our view, this
correspondsto partial E step minimization asfollows. Let Q bethe current data
distribution and P = P(jA) bethe current model. Let zp = (zh1;zh2), and only
the posteriorson z1 should be computed. We haveto assumethat, by choice of
the model family P, zn, and zn, are independert in the posterior P(znjz,;").
Now, we restrict the seard for the new data distribution Q to distributions of
the form Q(zn1jz,)Q(zn2) (zv;z,), and under this restriction the e-projection
is P(znijzy; V)Q(zn2) (zv;zy), Which is what sequetial EM variants use.

Note that while we have the freedomto choosethe model submanifold P, the

universal data manifold Qy is xed by the de nition above and the obsened
data. On many tasks, it can be useful to sensibly restrict Qu, e.g. to derive
variational variants of EM, as discussedabove. We de ne the data submanifold
Q of an EM algorithm to be a submanifold of the data manifold Qy, given the

obsened data z,. An EM algorithm is formally de ned by the pair (Q;P). In

this de nition, we allow Q to be noncorvex as well asincomplete in the sense
that it might not contain all of the (potential) posteriorsP(znjz,; ). In general,
the corvergenceguarantee of an EM algorithm holds only if Q is convex and

complete.

In general,the EM algorithm su ers from two basic problems. The rst oneis
that it often getsstuck into shallow local optima instead of nding high-quality
solutions (of reasonably high marginal likelihood). This is due to the fact that
the model submanifold P is usually not convex. The secondoneis that on mod-
elsinvolving structural choices(such as connectivity in a network), the M step
optimizations are often intractably hard. Both problems are especially sewere
if the model family exhibits symmetriesin parameterization on di erent levels.
These problems can in principle be addressedby carefully choosing the initial
model P, but on many modelsthis is asdicult as nding agood t to the data
in the rst place.A standard technique to attack sud problemsis simulated an-
nealing [53]. In the context of EM, the basicideais to run a sequene of EM
algorithms on the data, eat having its own model and data submanifold. After
convergenceof one algorithm, we usethe solution to initialize the next one.The
\art" is to choosethe (Q;P) sequencean order to achieve a somewhatcontinu-
ous transition betweenearly stageswhere hardly any shallow local optima are
presen, and whereit is rather easyto explore large parts of the model family in
the M steps,to late stageswhere model and data manifolds are closeto the ones
we are aiming for. The successie solutions are, if annealing is done carefully,
better and better suited as initial models to guarantee that the nal hard EM
run will nd a reasonably deep optimum. For example, it has been suggested
to combine standard EM with deterministic annealing (e.g. [104],[95],[73) to
alleviate the local optima problem. In our framework, this can be seenas run-
ning a sequenceof EM algorithms, all sharing the samemodel submanifold, but
employing di erent data submanifolds obtained by constraining elemeris of Qy
in a particular way. We therefore call it E-step annealing. If our model family P
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involves structural choices,we can also use M-step annealing (see[80]), which
involvesrunning a sequenceof EM algorithms, all sharing the samedata mani-
fold Qu, but employing di erent model submanifolds constructed from P by a
processof \controlled randomization".

The last variant to be discussedchere could be called robustEM, sinceit is aimed
towards alleviating the robustnessproblems of standard EM on the labeled-
unlabeled problem mertioned above (subsection2.2). Two problems were iden-
tied there. First, we needto train modelsto t ead classdistribution sepa-
rately. Sincea classdistribution can be very complicated, we would like to use
a broad model class.However, complicated models cannot be reliably t using
the sparselabeled data D|. Second,early \pseudo-labeling" of major parts of
the unlabeled points in D,, basedon poor models trained on D, can have a
dewvastating e ect on the nal prediction. A robust variant of EM would start
by tting rather simple classmodelsto D,. Let us separateD, into two sets
D@ (activ e”) and D (inactiv e”). Initially , D& = ;. In a sweepover D,
we extract a few points most con dently labeled to one of the classesby the
current model, and place them into the active set Dﬁa). We now run EM on the
data D, and Df,a), i.e. the latent variables are the labels of the points in fo‘).
The more data we are looking at, the more complex models we can consider
for tting, therefore it seemsreasonableto broaden the model family slowly
while \injecting” more and more points from D", Formally, this can be incor-
porated in our view on EM as follows: z, consistsof all variablesin D, and
D., zn are the labels corresponding to input points in D,. Robust EM consists
of running a sequenceof EM algorithms, ead having its own model submani-
fold. For example, at a certain stage D, might be divided into D@ and DY.
We divide z, = (z\(,a);z\(,i)) and z, = (zﬁa);zs)) accordingly, furthermore let
2@ = (2{:z2My); 200 = (2{?;z(7). Then, the model family P hasthe general
structure

n o
P(zj )= P@®j)u@E®) ; (10)

where U (') denotesthe uniform distribution. Each model is therefore really only
amodel overz(®  sinceit \mo dels" the remaining variablesby the uninformativ e
uniform distribution. By the i.i.d. assumptionfor D|; D,

Y
Pz®@j )= P(xi;tij ): (11)
(xiti)2D[ D

Here, \(xi:t) 2 D{¥" meansthat x; 2 D, and t; is the asswiated latent
label. To specify P, we therefore only needto specify P(x;tj ). For this speci-
cation, we can usebroader and broader model classegogether with increasing
size of D{®. Now it is easyto seethat the posterior in the E step becomes
P(znjzy; A) = P(zﬁa)jz\(,a); A)U(zﬂ)), and the criterion to be maximized in the
M stepis, up to an additiv e constart, EP(Z(ha)].Z(Va);A) [IogP(zﬁa);z\(la)j )]. That is,
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the componerts in (), represerting the datain D", are simply ignored. A vari-
ant of robust EM hasbeensuggestedn [65] (the authors call it \self-training").

To conclude, the new view on EM allows us to modify the standard version
in numerous ways, many of them are yet unexplored. In the context of the
labeled-unlabeled problem, the robust variant of EM discussedin the previous
paragraphs might alleviate shortcomings of the standard method. Also, E step
annealing (i.e. deterministic annealing) might be useful in this context. Facing
the problem that the posterior distribution over the latent variables (i.e. the
labels corresponding to the points in D) has too low entropy over many of
its componerts during early stagesof EM (we have called this \overcon dent
pseudo-lateling" above), one could use E step annealing to blurr (i.e. \heat
up") these posteriors during early iterations. We have not talked speci cally
about the casethat models themselves might incorporate latent variables, e.g.
encaling structural choices.In such casesM step annealing might be helpful.

2.3 Exp ectation-maximization, using an additional sepa-
rator variable

In subsection2.2, we discussechow the EM algorithm together with joint models
for P(x;t) could be usedto attack the labeled-unlabeled problem. This involves
modeling the dierent cIassesseparaterkgy class-conditionalmodels P (x jt; ),
in which casethe marginal model for x is , (P (xjt; ) (see(6) for notations).
If the class-conditional models are simple, this might be a poor model family
for the marginal distribution.

Another idea, already mentioned in subsection2.1, is to in-
troduce a (latent) separator variable k. Under the model, k
separatesx andt in the sensethat x andt are conditionally
independert given k. This meansthat, under the model, all

the information x corntains about its classt is already cap-

tured in k. This fact isillustrated in the independencemodel @
on the right.

Under this modeling assumptions,the joint log likelihood is

x X . %m X .
log ik kP(Xijk; )+ log kP (xijk; ), (12)
i=1 K i=n+l k

where = P(kj ) and x = P(tjk; ). Again, it is straightforward to compute
the EM equations for this model (see[60]). Note that in this case,we do not
needto treat the labels of the points in D, aslatent variables. Miller and Uyar
[6Q] present someresults using this model together with Gaussiancomponerts
P(xjk; ). The \many-centers-per-class" casein [66] can also be seenin this
context.

It should be rather straightforward to weaken the assumptionof k being a sepa-
rator variable. This would lead to an architecture in which estimatesof P (tjx ; k)



2 BASELINE METHODS 25

(e.g. by logistic regression)take over the role of the .« . Typically, by the sparse-
nessof Dy, the labeleddata will not besu cien t to train these\lo cal" predictors.
This problem can possibly be alleviated by regarding the label t aslatent vari-
able and applying EM to k andt (in the terminology of section 2.2.1, the data
distribution Q is kept de nitiv e (or \clamp ed") on the obsened labels). The re-
sulting predictor is | P(tjx;Kk; A)P(ij;’\), where P (kjx; )/ «P(xjk; ),
similar to a mixture-of-exgerts architecture (see [51], [101]). However, in the
latter, the gating modelsfor P (kjx) are diagnostic rather than generative, and
the whole architecture is trained to maximize the conditional likelihood of the
data rather than the joint one. The relationship betweenthe two architectures
is discussedin subsection5.2.

Useof a separatorvariable should in most casesoutperform straightforward EM

(seesubsection2.2) in a comparisonwhere P (x jk; ) and P(xjt; ) comefrom

the samemodel family respectively, simply becausek typically rangesover more
valuesthan the classlabel t. For example, if this model family solely contains

unimodal distributions, only the version employing k can in principle model

multimo dal class distributions. However, as already mertioned at the end of
subsection2.1, it is not clear whether this advantage is really substartial. We
might for examplelet k range over a large set of values, in which casewe might

be able to identify the marginal distribution P(x) almost exactly, basedon a
large Dy only. But since the model does not encade any prior \force" to e.g.
connectstrongly overlapping componerts (the \cluster assumption”, mertioned

in subsection2.1), or relate componerts a priori in any other way, a lot of labeled
data D, is neededto assaiate the large number of componerts with the classes.
To be able to make real use of unlabeled data for supervisedtasks, we not only

haveto be able to identify the marginal P (x) well, but it is alsorequired that we
identify (to a certain degree) the connected components of the classdistributions.

While the former is relatively easy giventhat D, is large, the latter is the real

challengeand canonly be solved by employing prior knowledgeabout the nature

of the classdistributions. Only if we are able to identify the classdistributions

well, we can hope to realize the \exp onertial value" of a labeledsampleD, (see
[15], which is also discussedin subsection3.1) to our advantage.

2.4 Exp ectation-maximization  on diagnostic models

The method to be discussedn this subsectiondi ers in seweral aspectsfrom the
other methods presented in this section.First of all, weare not surethat it canbe
applied reasonablygenerically. It hasbeenapplied successfullyto a special task,
giving rise to the so-called Co-Training paradigm, as will be discussedbelow.
Second,the method we describe here is more an algorithmic scheme than an
algorithm. Before this scheme can be applied to a special task, prior knowledge
hasto be gatheredand encaded in a way sud that the algorithmic schemecan
be realized exactly or approximately in a feasible algorithm. This might need
geruinely new ideas, therefore particular instances of the algorithmic scheme,
sudh as Co-Training, are not consideredto be baselinealgorithms.
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As discussedin subsecionl.3.2, probabilistic diagnostic methods model P (tjx)
directly, without using the way over class-conditional density models. Tradi-
tionally, regularization of the model classf P(tjx; )g is doneindependerily of
the input distribution, in which caseunlabeled data D, doesnot cortain any
additional information about the latent , given D| (seesubsection1.3.2). In
such a setting, modeling the labels of points in D aslatent variables makesno
senselntroducing a new point from D into the gamedoesnot lead to any new
constraints of our beliefin , sincethere is no information o w betweemD , and

. Applying EM to incorporate the latent label of the new point meansthat we
rst predict the label, given our old belief about , which is independert of the
new point. Next, we\up date" our beliefin , basedon this prediction. However,
sincethis update only usesinformation that was already know before the new
point was introduced, it cannot make our belief in  sharper in a data-driven

9
v

The situation canchangeif the regularization of the model

class depends on the input distribution, as discussedin @—>
subsection1.3.3. To clarify this claim, let us give an ex-

ample, employing the terminology of subsection1.3.3. We v

model P(x) by the family fP(xj )g and an \Occam"

prior P( ) onthe parameters . Input-dependert regular-

ization meansthat we employ conditional priors PFQ i)

in whichcaseP( ; )=P( j )P( )andP( )= P(j )P( )d .The exact
Bayesian solution, the predictive distribution P (tjx;D), D = (D;;Dy), can
often be approximated by an maximum a-posteriori (MAP) solution P (tjx; "),
where the MAP parameters('\; ") maximize the posterior, or equivalertly the
joint distribution P(D; ; ). Recalling the notation de ned in subsection1.2,
we have

P(E>)(: )= P(MiXy; )P IPX] )P()

= P(TujXy; P(MjXy; )P JIP(XjIP()
LTI # (13)

X o o , ,
exp Q(Tu)logP(T”JX”’ )P(TlJXé,(Tzl)D(J )P(Xj )P()

Ty
In contrast to the situation where and are a-priori independen, proposing
latent labels T, and running EM to compute an MAP solution might make
sensein this case.The reader might object by noting that sincethe T, sim-
ply marginalize out in the joint (13), there is really no reasonto employ EM:
instead of optimizing lower bounds on the marginal likehood and using elab-
orate sequencef alternating E and M steps, the marginal likelihood can be
maximized directly. The answer to this point is the sameasthe onein the case
of tting mixture models. When tting a mixture model, we can compute the
marginal likelihood and the gradient thereof essetially as easily as computing
the statistics neededin the E step of EM. We could therefore use any stan-
dard optimizer to maximize the marginal likelihood directly. However, in many
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casesoptimization by EM works more e ciently and is conceptually simpler.
The samefacts can be true in caseof diagnostic models together with input-
dependent regularization. Here, the unlabeled points X , constrain our belief in
in a certain way (via the model ), i.e. they contain information about
However, transferring this information \from X , to " might often be much
easierusing the EM way over the latent labelsT,. If P( j ) encalessomesub-
tle cortraints on the models P (tjx; ), enforcingtheseconstraints directly in an
optimization, together with the \force" to achieve high likelihood on the small
set D|, might be very hard. Robust EM variants (seeend of subsection2.2.1)
might be good candidatesto attack this problem. For example, let us obsene
how a new unlabeled point x,.; would be \injected" in this caseto enlarge
(13). First, in the E step, the latent labels T, are predicted using the distribu-
tion P(TyjX y; ; ), where and represen the current MAP models before
having seenthe new point.® Here, xn+; has beeninjected into X , and tn+;
into T,. Then, in the M step, isupdatedto ~ soasto maximize P (X j )P( ),
this is standard MAP on the model classf P (x| )g. Finally, we update soas
to maximize Et, o[logP (TyjX u; )P(TijX; )P( j~)]. This involves tting a
diagnostic model by MAP to a dataset which is partly uncertain (the uncer-
tainty is over T, and is represenied by the data distribution Q, seesubsection
2.2.1), and there exist standard methods for this task, for examplethe iteratively
reweighte least squaes (IRLS) technique (seee.qg. [57]).

It is possibleto extend this method, using variational techniquesto approximate
posterior beliefsof . This schemeis discussedin [83]. Exploring it on concrete
data and model families, such as Gaussianprocessclassi cation, remainsa topic
for future researd.

The reader might have noticed that we have beenquite cautious in the formu-
lation of this algorithmic scheme.Using EM on diagnostic modelsis quite \slip-

pery", andit is not at all certain under what conditions on the input-dependert
regularization, represerted by the conditional priors P( j ), it can be success
ful. We have arguedthat it cannotwork if and area-priori independert. On
the other hand, it works extremely well on certain special tasks where strong
structural prior knowledge about the relationship between input distribution

and discriminant function is available. Such a caseis the Co-Training method
which hasbeenproposedin [11] to attack the problem of Web pageclassi cation
(seesubsection 3.3). The basic Co-Training algorithm can be seenas a robust
variant of EM on diagnostic models if the assumptionsproposedin [11] are en-
coded in conditional priors P( j ). A detailed derivation and discussionof this
view on Co-Training can be found in [83]. Using this view, the model algorithm

introducedin this section can be seenas a generalization of Co-Training.

191f we talk about \predicting" latent variables using a distribution R, we really mean that
we update the data distribution Q on these variables to coincide with R (seesubsection 2.2.1).
In the M step, we compute the EM criterion by taking the expectation of the complete log
joint distribution w.r.t. Q. In simple (but important) cases,the resulting EM criterion looks
lik e the log joint distribution over a complete dataset (i.e. containing also values for the latent
variables), in which the values of the latent variables are given by their expectations under Q.
The terminology of \predicting” latent variables should be understood in this sense.
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We nally note that further design decisionscome up when using unlabeled
data in this context. For example,onecan split the unlabeleddatasetD ,, using
onepart for \injection” in arobust EM variant, asdiscussedin this subsection,
while the other part is usedto selecta sensibleprior P( ) over the model class
for the input distribution.

3 Literature review

Recerily literature adressingthe labeled-unlabeled problem comesfrom a cer-
tain variety of elds. We have attempted the \unsup ervised task" to classify
these approacesinto a number of clusters’®. However, the aim is purely or-
ganisatorial, since this is neither the right time nor are we in a position to
formulate paradigms for the labeled-unlabeled problem. Class menbership is
often \fuzzy", aswill be pointed out for any single reference.In this section, we
discusssolely work which adressthe labeled-unlabeled problem directly. Some
work which is related to the problem, is discussedin section 4.

3.1 Theoretical analyses and early work

The idea of using EM on joint models to train on labeled and unlabeled data
(see subsection 2.2) is almost as old as the seminal paper [25] on (general)
EM. Titterington et al ([93], section 5.7) review early theoretical work on the
problem of discriminant analysisin the presenceof additional unlabeled data.

Most of the authors assumethe data has been generated from a mixture of
two Gaussianswith equal covariance matrices, in which casethe Bayesdiscrim-

inant is linear. They analyzethe \plug-in" method from the sampling paradigm
in which the parameters of the classdistributions are estimated by maximum
likelihood, as discussedin subsection1.3.1.If the two Gaussiansare somewhat
well-separated, the asymptotic gain of using unlabeled samplesis very signif-
icant. Also, empirical studies on nite samplesare promising. For details, see
[68],[31],[32]. McLachlan [58] givesa practical algorithm for this casewhich is es-
sertially a\hard" versionof EM, i.e. in every \E step" the unlabeled points are
allocatedto oneof the populations, using the discriminant derived from the mix-

ture parameters of the previous step (note that the generalEM algorithm had
not beenproposedat that time). He provesthat for \mo derate-sized" training

setsfrom ead population and for a pool D of points sampledfrom the mixture,

if the algorithm is initialized with the ML solution basedon the labeled data,
the solutions computed by the method converge almost surely against the true

mixture distribution with jD,j = m! 1 . While these papers give somepos-
itiv e motivation towards the feasibility of the labeled-unlabeled problem, they
start o from somewhatunrealistic assumptions.The prior assumptionthat the

20Having available limited prior knowledge and no labeled examples at all!
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classdistributions are Gaussianwith equal covariancesis much too strong to be
sensibly applied (as prior knowledge)to nontrivial real-world tasks.

All the papers discussedso far in this subsectionfocus on generative methods,
i.e. assumeparametric forms of the class-conditional distributions. Anderson
[3] suggestsa modi cation of logistic regression,one of the most popular di-
agnostic methods. Logistic regression(seee.g. [71], also end of subsection2.1)

of x. Here, x is augmerted by a dummy attribute (dimension) whosevalue is
constartly 1. If the true underlying populations are all normal and share the
same covariance, the logits are indeed such linear functions. Supervised ML
logistic regressionproceedshby choosing the linear function which maximizes
the (conditional) likelihood of the data D|. A Bayesianapproac would place a
prior on the linear function and compute the posterior distribution. A MAP ap-
proximation to Bayesian Gaussianprocessclassi cation (e.g. [102), also called
generlized penalizad maximum likelihood, can be seenaslogistic regressionin a
feature space(seee.g.[37]). In such purely diagnostic settings, unlabeled data
cannot help narrowing our belief in the latent function, seesubsection1.3.2.
Anderson [3] circumverts this problem by choosing a parameterization which is
mixed from the diagnostic logistic regressionsetting and the sampling paradigm
situation. Let ¢ = 2. The only assumptionis that log(P (xj1)=P(xj2)) = Tx.
Then, P(xj1) = exp( "x)P(xj2) and P(x) = ( rexp( "x)+ 1 1)P(xj2),
where ; = Pft = 1g. He now choosesthe parameters ; ; and P(xj2) to
maximize the likelihood of both D| and the unlabeled data D, subject to the
constraints that P (xj1) and P(xj2) are distributions (i.e. sumto 1). For nite

X, this problem can be transformed into an unconstrained optimization w.r.t.

the parameters ; 1, using Lagrange multipliers. For a continuousinput vari-
able x, Anderson advocatesusing the form of P (xj2) derived for the \ nite X"
case,although this is not a smooth function. While this algorithm is interesting,
it is rather restricted by the assumption of a linear logit. It is not clear how to
generalizeit to the much more powerful caseof logistic regressionin a feature
space. Furthermore, for small samplesand continuous x, the form of P(xj2)
obtained by non-penalized ML is inadequate. The idea of \mixing" diagnostic
and generative techniques is probably represerted in a more satisfying way in
the stchemesuggestedn subsection2.3 asan extensionof the algorithm of Miller
and Uyar [60Q].

Murray and Titterington (see[93], example4.3.11)suggestan ad hoc procedure.
Namely, they usethe labeleddata available for eat classto obtain kernel-based
estimatesof the class-conditionaldensitiesP (x jt). Then, they x theseestimates
and use EM to maximize the likelihood of both D and D, w.r.t. the mixing
coe cien ts (i.e. the parametersrepreseting = P(t)) only.?! This procedure
is robust, however does not make a lot of use of the unlabeled data. If D, is
small, the kernel-basedestimatesof the P (x jt) will be poor, and evenif D, can

21EM w.r.t. the mixing coe cien ts only always convergesto a unique global optim um. It is
esserially a variant of the Blahut-A rimoto algorithm to compute the rate distortion function
which is imp ortant for quantization, see[20].
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be usedto obtain better valuesfor the mixing coe cien ts, this is not likely to
rescuethe nal discrimination. The method is valuable if D, is rather large, but
the proportions of sample points from the di erent classesn D do not re ect
the true mixing coe cien ts.

Shahshahaniand Landgrebe [85] provide an analysisaimed towards the general
question whether unlabeled data can help in classi cation, basedon methods
originating in asymptotic maximum-likelihood theory. Their argumertation is
somewhat unclear and has been criticized by various other authors (e.g. [66],
[105). They do not de ne model classesand seemto confuseasymptotic and
nite-sample terms. While it is true that there are strong consistency argu-
merts for estimators like maximum-likelihood which hold asymptotically, inde-
pendenly of the model class, characteristics of the models are crucial in the
nite-sample case.Even worse, if we want to talk about the labeled-unlabeled
problem, the labeled dataset D, is small. The assumption that one can nd
unbiasal estimators in this caseis very unrealistic. Clearly one can come up
with methods that reducethe variance of an estimator by employing unlabeled
data, but there is no reasonto believe that such modi cations will work without
introducing new bias It is quite obvious that information from di erent sources
(here: D and D,) about the latent model parameter adds up. It is lessobvi-
ous how to construct a model family and a learning algorithm such that the
information of D, about , conditioned on the choice of the model family, is
non-zero, and the algorithm makes signi cant use of this information without
intr oducing new bias For example (as alsopointed out in [105]), in the standard
generative model for diagnostic classi cation, the information of unlabeled data
about the latent discriminant is zero, whether measuredasymptotically or on a
nite sample (seesubsection1.3.2). The parametric approach adopted in [85] is
the straightforward EM algorithm (seesubsection2.2) suggestede.g. in [59].

Another analysis of the problem which also employs Fisher information tech-
niques, is given in [105. In this paper, the models and the data generation
processare carefully de ned to avoid confusions,such as arise from [85]. For di-

agnostic methods, the authors show that under the standard generative model,
unlabeled data cannot help. We have already commerted on this point in sub-
section 1.3.2. For generative methods, the conclusion is that unlabeled data
always helps. This is true under the assumptionsmade in the paper. However,
the analysis draws on asymptotic concepts. The Fisher information character-
izesthe minimal asymptotic variance of an (unbiased) estimator only, and the
maximume-lik elihood estimator is typically only asymptotically unbiased.Apply-

ing sudh conceptsto the casewhereD, is small cannot leadto strong conclusions.
The authors presen someinteresting empirical evidenceconcerningthe perfor-
mance of transduction algorithms (discussedbelow in subsection3.7) on a text

categorization task. Theseresults indicate that transduction algorithms might

su er from instability (or robustness)problems similar to those mertioned in

the context of the EM algorithm (seesubsection2.2). The paper also dealswith

active learning scenarios,which are out of the scope of our review.

In [15], the labeled-unlabeled problem is analyzed starting from a very strong
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assumption, namely that we are capable of identifying all class distributions
P (xjt) exactly, using unlabeled data D, only. Evenif m = jDyj= 1, it is not
clear how this should be achieved by an (unsupervised) learning procedure.First
of all, the authors mertion that (trivially) classi cation basedon unlabeled data
only is not possible.Even if we have identi ed all the classregions, we cannot
deduce\whic h is which" without any label information. They then cortin ue to
show that if we haveidenti ed all the classregions,the optimal error probability
for n labeled samplesconvergestowards the Bayeserror exponertially fastin n.
Although the authors proposeto addressthe more realistic caseof nite m in a
subsequeh paper, we are not aware of such work in the momert. Givenassud,
the paper motivates the approach mentioned in subsection2.1, namely to use
a strong unsupervised technique to identify all classregions (or all connected
parts of classregions), basedon D, only. The authors show that, once this
task is achieved, labeling these parts is fairly easy (in terms of the size of D,
required). However, their assumptionsare too strong to be met in practice. It
would be more interesting to investigate the value of labeled samplesunder the
much weaker assumptionthat only the marginal P (x) is identi able.

3.2 EXxp ectation-maximization on a joint density model

We have decidedto classify \solutions" of this kind as baseline methods only
(see subsections2.2,2.3), partly because lling in missing information by EM
is a standard technique, partly becauserunning EM on most labeled-unlabeled
problem instances does not work well enough empirically to be called a solu-
tion. %2

The work of Miller and Uyar [60] has already beendiscussedin subsection2.3.
The authors suggest,as a variant, to treat the classlabel t as a secondlatent
variable alongside the separator k (the data distribution would be de nitiv e
(or clamped) on the points from D, seesubsection2.2.1), and to apply EM to
both. An e ect of this variation is to make the lower bound of the EM criterion
on the marginal log likelihood worse, however both variants come with the
sameguarantee of convergenceinto a local maximum of the marginal likelihood.
On the architecture proposedby Miller and Uyar, we would expect them to
exhibit comparable performance, indeed this is what the authors nd in their
experiments. The latent label variant might be advantageouswhen extending
this architecture, as suggestedin subsection2.3.

Nigam et al [66] presert a casestudy which addressesthe question whether
unlabeled data can help to improve a Naive Bayestext classi er in the caseof
small D;.?® They use EM on a joint model, as discussedin subsection2.2, as
well as two simple extensions. First, they suggestweighting the two sumsin

22 As mentioned at the beginning of section 2, beating a purely supervised technique based
on small D, is not sucien t to conclude that a method succeedsin solving the problem.

23The Naive Bayes assumption prop osesmodels for text pagesunder which all words on a
page are conditionally independent, given the class label of the page.
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the joint log likelihood (6), corresponding to D| and D, respectively, unequally.

While it is reasonableto treat points from D| and D di erently, simply because
otherwise we run the risk that the much more informativ e labeled points are
dominated by the sheeramount of available unlabeled points, and while intro-

ducing a weighting factor in the joint log likelihood is straightforward, this mod-

i cation is not a probabilistic one (the modi ed criterion is not a log likelihood

function anymore), and the weighting factor hasto be chosenusing heuristics
(using cross-walidation for this purposeis unwise since D, is very small). The

other extension, namely modeling ead classby more than one certer, can be
seenas a special caseof the EM technique discussedin subsection2.3. We have
already criticized the useof standard EM to attack the labeled-unlabeled prob-

lem in subsection2.2. This critique applies nicely to the setting discussedin

[66], sincethe Naive Bayesassumption leadsto extremely poor models for the

class-conditionaldistributions. However, the paper is not intended asto provide

geruinely new solutions, and given that, its merits are considerablein that it

claries joint model EM techniques, notes problems related with these tech-

niques, provides an extensive casestudy and cortains a very detailed sectionon

related work. A later paper [65] extendsthe casestudy, including more robust

EM variants (seesubsection3.3).

In [56], the authors try to combine an EM algorithm on a joint probability model
(see[66] and subsection2.2) with an active learning strategy, namely the query-
by-committee (QBC) algorithm ([84], seealso[30] and subsection4.1), to attack
an instance of the labeled-unlabeled problem in text classi cation. The ideais
to overcomestability problems of standard EM by injecting unlabeled points
oneat atime. Givenalarge pool of unlabeleddata, the authors initialize EM by
training on the labeleddata only. They then usea criterion derived from QBC to

selecta few \most informativ €" points amongthe unlabeled ones,transfer them
(together with their latent labels) into the EM dataset and rerun EM. This is
iterated until somecorvergencecriterion is met. While the combination of EM

and active learning is a very original idea, we found the particular realization of
this idea preserted in [56] somewhatdistorted by the useof a host of heuristic
intermediates betweenQBC and EM. For example, the criterion usedto value
the informativ enessof an unlabeled text pageis obtained by multiplying the
QBC criterion with a heuristic measurefor the density of P(x) around a doc-
ument. And the QBC criterion is somewhat distorted, in the following sense:
the basic idea of QBC is to selectquery points x so as to maximally reduce
variance of the discriminant ensentle represeried by the posterior distribution

given by the data obsened sofar. On a xed x, this variance can be measured
by sampling a xed number of discriminants from the posterior and evaluating

them on x. McCallum and Nigam [56] also produce such a sample, but then
they run EM to convergencestarting from ead parameter vector in the sample,
and replace the initial by the nal, converged vector. It is not clear to us at
all if the committee basedon this set of parameter vectors ful Is requiremerts
to estimate variance, asis donein QBC. In their experimerts, the authors are
surprisedto nd that this \distorted" version of QBC does not improve upon
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the much more e cien t undistorted variant followed by a single EM run. The
authors nd that the proposedmethod outperforms standard EM on the same
joint model family (see[66]). It would be interesting to comparethe active selec-
tion method with other robust variants of EM (e.g. seeend of subsection2.2.1,
also\self-training" in [65], seesubsection3.3).

3.3 Co-Training algorithms

Co-Training is a learning paradigm which hasrecertly beenproposedin [11] to
addressproblems where strong structural prior knowledge is available. It has
been mertioned in subsection 2.4 that Co-Training can be seenas Bayesian
inference, and the basic Co-Training algorithm as a robust variant of EM to
compute an MAP approximation to Bayesianinference,if the assumption of the
\compatibilit y" of the target conceptwith the input distribution is encaded via
conditional priors to attain an input-dependert regularization (see subsection
1.3.3). We refer to [83] for details.

Co-Training is a simple (yet very e ectiv e) idea, therefore it doesnot comeasa
surprisethat related ideashave beenusedin earlier work on unsupervisedlearn-
ing. We begin by reviewing someof this work. Becker and Hinton [5] proposethe
IMAX strategy to learn coherence structure in data. Quoting [6], the approach
is \to maximize somemeasureof agreemet betweenthe outputs of two groups
of units which receiwe inputs physically separatedin space,time or modality
(:::). This forcesthe units to extract featureswhich are coherert acrossthe dif-
ferent input sources".The latter claim seemsreasonable,given that the model
families are carefully regularized, although we are not aware of theoretical work
badking it. For simplicity, let us focus on the example of detecting shift in ran-
dom dot stereograms.Here, x 2 G% d: G, = f0;1g. If s2 Z denotesa small,
unknown o set, a point x is sampled as follows: the rst row is drawn from
the product of d Bernoulli variableswith p = 1=2. The secondrow is the same
asthe rst, but shifted by s positions?* In a strong sense the only coherence
between examplessharing the sames is exactly the amount of this shift. Now
imagine two model classed P; (tjx; i)g; i = 1;2.t rangesovera nite setwhose
sizeis chosena-priori, although it is possibleto learn this sizefrom data using
a sort of second-leel inference (we skip this for simplicity). The idea is that
models from classi only get to seea particular part of each point x, de ned
by awindow W; = (lj;ri); 1 | < r; d. To be specic, models from classi
arefed by [X]i = (Xjk)j=1::2:k=1;:r; » Wherex = (Xj)jk . The two windows are
non-overlapping and usually do not cover the wholerangel:::d. For ead exam-
ple drawn as detailed above, the particular amount of shift is coherent between
these two views on the point. Both models classesare appropriately regular-
ized, e.g. using Occam priors. The goal is to learn models ;; 2 which identify
the shift presen in ead particular pattern, i.e. group examplesinto the same

241f s is generally small compared to d, it doesnot really matter what we do at the margins,
but let us say for simplicit y that the rst row is rotated by s positions to form the second, i.e.
the free spaceat the one end is lled with the elements pushed out at the other end.
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cluster t if they exhibit the sameamount of shift. Beder and Hinton showed
that this task can be solved in an unsupervised manner, by maximizing the
sample mutual information betweenthe outputs of two units, one from ead of
the model classes.To be specic, for ;; 2 de ne the random variablest;;t, to
have the joint distribution P (t1;t2) 1; 2) = Ex[P1(t1jx; 1)Pa2(t2jx; 2)], where
the expectation over x is w.r.t. the empirical distribution given by the dataset.
The marginals are P(tjj i) = Ex[Pi(tijx; i)]. The samplemutual information,
or the \IMAX criterion", is then de ned as

P(ty;t2) 15 2)
P(t1 1)P(t2) 2)

where the expectation is over P(ty;t2j 1; 2). Note that this criterion is mini-
mal if t;;t, are independert, maximal if they are deterministically related, e.g.
identical. The IMAX strategy is to maximize the criterion, given an appropriate
regularization on the two model classes.If regularization is done using Occam
priors P( i), one could for example maximize the sum of the IMAX criterion
and the both log priors. The work of de Sa[23] is related in that we train two
families of models (logistic regressionmodelsin her work), eat being fed by a
di erent view on examples.These views are di erent in modality, an example
would be sound and lip imagesin order to decade speet. The models are seen
as hard discriminants, and the system is trained to minimize the fraction of
training exampleson which the two units disagree.This is suboptimal for lo-
gistic regressionmodels, sincethe con dence information given by these\soft"
estimators is neglected.

I (t1;to) 15 2) = Et, log (14)

We think that a thorough theoretical analysis of IMAX and related schemesis
very di cult. However, we can give someintuitiv e ideaswhy they might work.

Learning regularities (lik e classidentity, coherence, :: ) from a restricted view
on examplesis conceptually easierthan from a complete represenation. This is
partly dueto limited data, with which spacesof lower dimensioncan be covered
easier, partly due to our (presert) inability to construct good model families
for high-dimensional data?®, partly due simply to limited computing resources.
Therefore, if a certain coherenceis exhibited (almost) asclearly in a restricted
view as it is in a complete represenation, and using this coherencepays o

strongly in an attempt to e cien tly encale the data (seesection 1), then it is
much more likely that a common learning scheme discovers this coherenceon
the restricted view, evenif trained in an unsupervised manner. Now, by linking

the units operating on di erent views, e.g.in the IMAX fashion, the discovered
information is instantly passedto the \partner model", in much the sameway as
a teacher passednformation to a studert in a supervisedlearning scheme. This

is a particularly nice example of Occam'srazor to drive unsupervised learning.
As soon as one of the units discoversa meansto exploit (part of) the coherence
in the data, this is, simply by its potential to compressthe data drastically,

25\We (at least, we!) do not even have a good understanding of how simple families of
distributions, such as rather small mixtures of Gaussians, behave in high-dimensional spaces,
in the sensethat we do not clearly understand how they combine their volumesto t data.
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taken for \reliable truth" which can be passedto partners in a teacher-studert
manner. Note that if the discovered\coherence" is spurious, i.e. the \student"
cannot detect it using its own view, its inability, within its own \regularized
simplicity”, to synchronize with the teacher canin turn in uence the teacher to
give up on the idea or to assigna lower importance to it.

The work discussedsofar in this subsectioncould be usedto attack the labeled-
unlabeled problem as follows: supposewe have some prior knowledge about a
particular coherencewhich should hold betweenexamplesof the sameclass,but
(at leastto a certain degree)not acrossclassboundaries.Suc coherencesare of
coursestrongly dependert on the represenation (the \features") of examples.
A simple meansto nd sud coherenceis to look for dierent views (dierent
in modality) on the examples,e.g.coming from physically di erent information
sources.Another idea is to identify groups of transformations acting on the
represertation x of exampleswhich (most probably) are invariant w.r.t. class
identity (this idea is very important in elds dealing with object recognition
in images, seesubsection4.3). Given such coherenceinformation, we can try
to nd dierent views on our exampleswhich full the following criteria: they
should be\as di erent aspossible", e.g.coming from di erent physical sources.
Ideally, they should be conditionally independert, given the classidentity of
the example, i.e. the only information shared between them should be about
the classlabel. They should also be aimed towards exhibiting the particular
coherenceclearly in isolation. Ideally, although ead of the views only describes
part of the information contained in an example, one should be able to learn
the particular coherencefrom only this view on examples\essertially as easy
as" from complete represenations. For example, the shift in random dot stere-
ograms, as discussedabove, is represerted to the samedegreein the full matrix
x and in a windowed part of it. Givenall this prior work, we can run IMAX or
the algorithm of de Sa, using model classesand regularizations of our choice, to
learn a soft partitioning of the examplespacein an unsupervised manner, using
D, astraining data. Afterwards, we usethe labeled data D, to assignclusters
to classesThis is related to the generalschemediscussedn subsection2.1. The
relations to Co-Training are discussedfurther below in this subsection.

The Co-Training paradigm was intro duced by Blum and Mitc hell [11], seealso
[63],[83]. The idea is to exploit a particularly strong kind of coherence(in the
sensediscussedabove), namely the notion of compatibility between dierent
viewson an examplex . Wewrite x = (x®;x@)2 X = Xx® X @ Blum and
Mitc hell are interested in classi cation of Web pages,they suggestto describe
a Web page from two dierent views: a represenation of the words on the
page, and a represertation of the words in all hyperlinks pointing to the page.
Note that if a classi cation systemmakessense within-class coherencebetween
examplesshould be learnablefrom ead of theseviewsin isolation. A hypothesis

on X is compatible with the input distribution P(x) if there are hypotheses

D @ onx®;X @ respectively, such that for any x = (x;x®@) from the
supprt of P(x) (i.e. P(x) > 0) we havethat ; @ and @ predict the same
classlabel on x;x® and x@ respectively. The compatibility assumption of
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Co-Training restricts the latent hypothesis to be compatible with the (latent)
input distribution P(x). Given this assumption, Blum and Mitc hell suggest
a simple algorithm to learn the classi cation using a small labeled dataset D
together with alarge unlabeledone,D . This works by updating a setof labeled
data, Dy, and hypotheses @; @ onX @ :X @ respectively.  and @ are
tted to Dy, and are ideally error-free on this set. Initially , D, = D;. One now
injects new points from D into Dy, sequettially, by labeling them using one of
the () and retraining the other on the augmerted D,,. The roles of \teacher"
and \student" are alternated between ® and @ after ead injection. This
algorithm can easily be understood as an instance of the robust EM scheme
on diagnostic models, described in subsection2.4. The notion of compatibilit y
betweenthe viewsis encaded in a conditional prior P( | ). Instead of a model
for the input distribution, we estimate its support only, which we refer to as
here. We then set P( j ) = O for all which are not compatible with the
support . A detailed derivation of Co-Training as a variant of diagnostic EM
can be found in [83]. Blum and Mitc hell also give someinteresting theoretical
analysisof Co-Training. Unfortunately, they employ the very strong assumption
that the viewson x are conditionally independen, giventhe classlabel. It would
bevery interesting to get theoretical insight into caseswith weaker assumptions.

Both IMAX-lik e schemesand Co-Training employ a feature split and coherence
between the di erent views to learn from unlabeled data D,,. The coherence
is a kind of redundancy in unlabeled examples,and this redundancy is useful
information towards a meaningful grouping of the examples.However, there are
important di erences. IMAX and related schemesare purely unsupervised,while
Co-Training leadsto supervised methods. IMAX is designedto learn a grouping
which correspondsto the coherencewhich is expected, by prior knowledge, to
hold betweenthe dierent views on examples.If t denotesthe corresponding
grouping variable, IMAX requiresthe views on x to be selectedsud that they
are conditionally independert, or at least only weakly conditionally dependert,
givent. If this doesnot hold, IMAX will probably learn a di erent grouping, or
fail to learn a meaningful grouping at all. For example, if the two windows in
the random dot stereogramssetting (discussedabove) overlap, IMAX might fail
becauseof low-order conditional dependencies(givent) betweenthe views?®. In
Co-Training, we usea feature split which is chosensuch that coherencebetween
the views is compatible with classidentity. However, this split is used merely
as a sort of \information bridge" betweenunlabeled data and our belief in the
latent hypothesis , not as essetial characteristic of the grouping induced by

. While unlabeled data can be used most e ectiv ely if the views on x are
conditionally independert or only weakly conditionally dependert, givent, we
would expect that D, can boost the performance, comparedto classi cation
basedon D, alone, given somewhatweaker assumptions.

Collins and Singer[19] apply the Co-Training paradigm to the problem of named
entity classi cation. Here, one is interested in classifying ertities which are

26Thanks to Chris Williams for pointing this out.
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uniquely represeried by names. The classi cation systemwould be, for exam-
ple, persons,cities and companies.Although the correspondenceis one-to-one, it
cannot berepresened by a small systemof simple rules. One therefore augmerts
the description of the entity by features which can be extracted automatically
from samplesin which the ertities occur. An example would be to extract the
context of the namein text pagesin which the namesoccur. Another idea is to
look at the concrete spelling of the name. It is clear that onecan nd dierent
views on the named ertities satisfying the Co-Training requiremerts. The most
interesting part of the paper is the dewvelopmen of co-boosting, namely an ex-
tension of the very powerful AdaBoost algorithm (see[29], [73]) for supervised
classi cation to attack the labeled-unlabeled problem. This extensionis surpris-
ingly simple, yet very elegan, and the algorithm could prove very competitiv e
amongexisting labeled-unlabeled algorithms. However, asthe authors report, it
su ers in principle from the samerobustnessproblemsthan EM (seesubsection
2.2) or existing transduction algorithms (seesubsection3.7). The algorithm was
in some casesfooled by apparert simplicity in the structure of the unlabeled
data and exhibited large bias, although the information in the labeleddata could
have beenusedto detect the failure.

Nigam and Ghani [65] presert a casestudy comparing standard EM (seesub-
section 2.2, also[66]), basic Co-Training (as suggestedin [11]) and somerobust
EM variants (seeend of subsection2.2.1), partly on data from natural sources,
partly on arti cially created datasets. The task is again text classi cation. This
paper is very valuable as comparative study and contains someinteresting ideas
of how to increasethe robustnessof standard EM or how to combine the \b est of
both worlds" (Co-Training and EM employing class-conditional models). How-
ever, the authors confuse some points. First of all, they do not realize that
basic Co-Training is a form of (diagnostic) EM, seesubsection2.4. Therefore,
if they compare Co-Training against versions of generative EM (i.e. EM em-
ploying class-conditional models) which try to make use of the feature split
prior knowledge’’, this has more the notion of comparing the diagnostic versus
the sampling paradigm for the labeled-unlabeled problem. Second they criticize
\EM | the algorithm with a strong probabilistic foundation" ([65], section6.2),
becauseit performs worst in their experiments. They do not realize that their
\b est performer", an algorithm they call \self-training" (seeend of subsection
2.2.1), is just another version of EM, basedon the same strong probabilistic
foundation than the worst-performing standard batch EM. This foundation is
detailed in subsection2.2.1.

Goldman and Zhou [36] proposean algorithm to addressthe labeled-unlabeled
problem which is related to Co-Training. It does not employ a feature split
(or dierent views on the examples),but incorporatestwo very di erent model
classesAt any time, the current discriminant is represerted by two models, one
from ead class. The models are initially chosenby training on D, only. The
algorithm then works by, in turn, identifying points amongthe remaining ones

27The authors call this variant \co-EM".
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in Dy on which one of the models predicts very con dently, and adding them

to D, together with the predicted pseudo-latel. On the positive side, the paper

addressesomeimportant robustnessissues,suc asthe dangerof accunulating

\classi cation noise" in D by incorporating a certain number of incorrectly

labeled points from D,. The authors propose safeguardsagainst these issues
which seemrather consenative to us. Our problem with this paper is that

the authors apply a host of tests from classical statistics, sometimestesting

hypothesesagainst eat other which are conditioned on completely di erent

events (such as dierent partitions of the input space| their model classes
are classi cation trees). We do not think that the assumptionson which these
classicaltests are basedreally hold in all the dierent situations the tests are

applied here. A concreteweaknessseemsto be the frequernt useof 10-fold cross-
validation usingthe labeleddata D,. If n = jD,j is rather small, cross-\alidation

exhibits high varianceand is not very usefulfor model selection,especially if it is

usedvery frequertly to addressall sorts of di erent modeling questions.In short,

the ideato employ very di erent model classesnstead of a feature split, if this

is supported by prior knowledge, is interesting and should be investigatec?®, but

the particular algorithm suggestedn [36] should probably be shaved a bit under

Occam'srazor. Note that Seeger[83] proposesa generalization of Co-Training

in which the issuesthat Goldman and Zhou attack heuristically, are dealt with

in a principled Bayesianway. We have not cheded whether this approad is

feasiblefor the architecture of Goldman and Zhou.

3.4 Adaptiv e regularization criteria

The basicideabehind adaptive regularization criteria is that criteria to be mini-
mizedin supervisedsettings, like generalizationerror or expectedloss,involvean
expectation over the (unknown) input distribution P(x). Simply stated, making
mistakesin regionswhere P (x) is large, hurts more (in terms of these criteria)
than mistakesin regionsof low density of P(x). The over tting problemis likely
to arise if a complex model is tted to sparsedata. When we \t a complex
model to data", what we really do is we choose,amongall the functions (or re-
lations) this model is able to represernt, one which is compatible with the data.
Sincethe model is complex, it usually canrepresen a large number of functions
which are all compatible with the data, but shaw very di erent behaviour away
from the data. Our criterion givesus no further rules or constraints of how to
choose among these, and a random choice is likely to generalizebadly to un-
seendata. Regularization basedon Occam's razor gives us an additional rule:
prefer simple over complex functions. The concrete meanings of \simple" and
\complex" of coursedepend on the task and on available prior knowledge. The
point to be made in this subsectionis, however, that the Occam assumption of
simplicity should really only be enforcedin regions where input points x are

281t is related to \learning how to learn" or multitask learning, seesubsection 4.2.
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likely to be found.?® In other words, regularization backed by Occam's razor
should be dependent on the input distribution P (x), seesubsectionl1.3.3.

Schuurmans [78] captures this kind of input dependenceby de ning a natural
metric betweenhypotheses.Given a symmetric lossfunction | on T T (recall
that T is the setof possiblevaluesfor the target t), the expected lossof a hypoth-
esish: X ! Tisd(h;P(tjx)) = Ex[E: pjx)[I(h(x);t)]]. This suggestshe de -
nition of a natural metric betweenhypothesisg; h by d(g; h) = Ex[I(g(x); h(x))].
Now, if we are given an hypothesisspaceH and de ne Hex = H[ fP(tjx)g, it
is easyto show that if | is a pseudometricon T T (asis the casefor common
lossfunctions like squarederror in regressionestimation or zero-onelossin clas-
si cation), d, asde ned above, is a pseudometricon Hey , in particular d ful Is
the triangle inequality. Now, supposewe construct a hierarchy H;  H»

of increasing complexity, and within eac H; we selecth; 2 H; which best ts
the data D). Then, by the triangle inequality, we must have

d(hi;hy)  d(hi; P(tjx)) + d(h;; P(tjx)) (15)

for any i < j. Schuurmans arguesthat one can estimate the left-hand side
fairly accurately, given a large unlakeled sample D, while the expected losses
on the right-hand side are estimated using D,. Over tting occurs if these em-
pirical lossesare grossly dierent from the true expected losses,and in this
casethe former are almost always strong underestimates of the latter. There-
fore, onceinequality (15) is violated after plugging the estimatesin place of the
true, unknown quartities, we can concludethat over tting has occured. Schu-
urmans proposesa model selection procedure in which we select hypotheses
hj 2 Hj; j = 1,2;:::, until the estimated version of (15) is violated for some
i < j. The procedurethen outputs h; ;. Empirical results are promising in the
caseof regressionestimation with polynomials. However, the technique might
still exhibit over tting, simply becausethe triangle inequality (15) is usually far
from tight. An extensionof this strategy, called ADJ, attempts a rst-order bias
correction betweenthe pseudometricd and its estimated version,say d. In a later
paper [79], Schuurmans and Southey get rid of the a-priori hierarchy and focus
on criteria which are additive or multiplicativ e combinations of the empirical
lossd(h; P (tjx)) and a penalty. They then proposepenalties basedon the idea
that overtting of h can sometimesbe detected by comparing, for some xed
origin function , the distancesd(h; ) (which can be estimated reliably using

291t is not our plan to go into discussions about foundations of Occam's razor here. Some
people think Occam's razor is backed by evolutionary theories in which complex structures
evolve from very simple initial conditions by accumulation of many small random changes
together with selection processes.In this context, simple solutions to a problem are more
likely to be found than complicated ones, given that the sequenceof selection processeswhich
have been active during the evolution of the solution is not too unusual. Evolution of such
solutions is, however, conditione d on the particular situation surrounding the problem, since
this situation creates the selection processeswhich give evolution a non-random direction. For
example, human cells work very e ectiv ely and in many aspects surprisingly simple, but only
given that the temperature lies within a narrow range. In conclusion, \simplicit y" has to be
graded conditione d on the situation which the particular task is expected to be in.
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D.) and d(h; ) (estimated basedon the input points of D, only). It is impor-
tant that is chosena-priori, without having seenany data. The penalties can
be motivated nicely if = P(tjx), while such a choice is of courseunrealistic.
The motivation gets somewhatwealer in the casewhere is chosenarbitrar-
ily. Empirical results on a polynomial regressionestimation task show that the
method is very competitiv e, while results on classi cation are lessconvincing.
It is interesting that, empirically for regressionestimation, a quite aggressie
multiplicative penalty outperforms an additive penalty basedon the sameidea,
since most regularization strategies currently in use (including Bayesian MAP
estimation) employ additive penalties. We further note that the additive cri-
terion in [79], as applied to regressionestimation with squared-errorloss, has
already beensuggestedin [16]. However, Cataltepe et al [16] do not give a very
convincing theoretical motivation.

To conclude, adaptive regularization criteria are basedon the notion of input-

dependen regularization (seesubsection1.3.3and [83]). While the criteria sug-
gestedin [78], [79 are reported to work well on regressionestimation tasks,

the reported results for classi cation are lesspromising. In the latter, the infor-

mation ead labels contains about the latent function is lessdirectly accessible
than in regressionestimation. It is also not clear how to inject available prior

knowledgeinto the proceduressuggestedin [79], but we are very interested in

following up this very recert line of researd.

3.5 The Fisher kernel

The Fisher kernel, as proposedin [46], is the rst general and principled at-
tempt to exploit information from a generative model tted to the input dis-
tribution P(x) in one of the most powerful currently available classesof dis-
criminative classi ers, namely kernel methads such as Gaussian processes(e.g.
[103,[1004,[54]) or Supprt Vector machines(e.g. [99,[13]). In a nutshell, kernel
methods are diagnostic schemes(seesubsection1.3.2) in which the prior distri-
bution over the latent function®° is a Gaussian process speci ed by a positive
de nite covariance kernel (e.g. [40]). The covariance kernel inducesa \natural"

distancein a feature space,and the Fisher kernel attempts to adapt this distance
in a highly geruine and interesting way to information about the distribution

of input points, drawn from a model tted to P(x). One of the main di culties

in constructing adaptive kernelsis that they needto full the requiremert of
positive de niteness, i.e. that they can be seenasinner productsin somelinear
space(e.g. [40]). Finding decen kernelson\un usual” (but very important) input
spacesX (such as spacesof variable-length sequence®r of discrete structures)
is challenging, and not many generalsolutions are available (e.g. [4(]). But even
in the caseX = RY it seemsquestionableto employ families of standard kernels
on highly speci ¢ tasks (as is done usually) where labeled data D, is sparse,

30In the two-class case (i.e. jTj = 2), the latent function represerts the log-ratio between
the two classesat each point , also called the logit.
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simply becausethe kernel encadesour prior knowledgeabout the task, and the
standard kernelsavailable o er few, rather vague possibilities for doing so.In a
sensewhen running kernel methods together with standard kernels, we ignore
the (probabilistic) geometry of X in the sameway as if we employ standard
distanceslik e squared-erroror imposeuncorrelated Gaussiannoisein situations
where we should know better (seee.g.[90]).

The naive Fisher kernel is
Kx®:;x@)y=r logP(x®j YTF r logP(x?@j ); (16)

where fP(x] )gis a model family usedto t P(x). If " denotesa maximum
likelihood estimate basedon D, the gradierts are evaluated at " andF denotes
the Fisher information matrix, given by

F=E, ppjy " l0gP(xj )r logP(x] )y (17)

where again the gradients are evaluated at . By exponertial embedding, one
canconstruct a family of in nitely divisible kernels(seee.g.[40] for theseterms)
basedon the naive Fisher kernel. Sewveral motivations have been given for the
Fisher kernel (see[46],[45]), none of them are easily accessibleor in the scope
of this report. Probably the most direct line goesvia an information-theoretic

perspective, given by the authors of [46]in an unpublished workshop talk. This

motivation is picked up and extendedin recert, ongoingwork by the author (see
[82]). There, a number of ways are suggestedof how one might improve upon
the basicFisher kernel, although theseare not yet su cien tly tested empirically.
The Fisher kernel has beenapplied successfullyto discrimination between pro-
tein families ([46], [44]), wherethe proteins are represenied by their amino acid
sequenceand families are tted using hidden Markov models(HMM) . It hasalso
been applied to documert retrieval [42]. Attempts to apply the Fisher kernel
to the caseX = RY, whereP(x) is tted by a Gaussianmixture, are reported
to have failed so far (e.g. [90]). Whether this is a problem of the way Fisher
kernels make use of the generative information, or more to do with the nature
of the Fisher kernel being a very crude approximation to an information score,
the latter still being sensiblefor mixture models, is unclear sofar. In [82], sug-
gestionstowards more accurate approximations of the underlying (intractable)

information scorein caseof mixture modelswill be given.

To conclude, the Fisher kernel covers new ground in that it is a generaltech-
nique of using information from generative models within diagnostic classi ca-
tion schemes,asopposedto the straightforward schemedictated by the sampling
paradigm, in which all classeshave to be modeled separately (see subsection
1.3.1). While in the caseX = RY, diagnostic methods often outperform genera-
tive methods by far, the latter are still the primary option in casesvhere X can-
not befeasiblyimbeddedinto an RY (e.g. X consistsof variable-length sequences,
for examplein speed recognition or Biolnformatics tasks). Support Vector (or
Gaussianprocess)classi cation, together with a Fisher kernel, can outperform a
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generative scheme(using comparablemodeling e orts) signi cantly, ashasbeen
demonstrated in [44]. The claim of the authors in [46], namely that the Fisher
kernel consistertly outperforms an \equivalent" generative scheme,can only be
proved under certain strong assumptions (not made very clear in the paper)
which often do not hold in practice. The geometry of feature spacesinduced by
kernelsis imperfectly understood so far, although somework has beendonein
this direction (e.g.[12]). Sincekernel methods are essetially linear machinesin
these feature spaces,understanding properties of this geometry might be valu-
able for encading available prior knowledge about a task (e.g. [77]). Haussler
[4Q] givesa comprehensie introduction to the problems of kernel design and
suggestsgeneralmethods to construct kernelsfor \un usual" X (e.g. containing
discrete structures) which are di erent from the Fisher kernel.

We nally remark that the Fisher kernel can be seenas an instance of regular-
ization dependert on the input distribution (seesubsectionl1.3.3). Details can
be found in [83].

3.6 Restricted Bayes Optimal Classi cation

Tong and Koller [94] suggesta generalframework for combining generative and
diagnostic methods for classi cation, which di ers from Bayesiananalysis with
conditional priors (seesubsection1.3.3). The usual framework for regularized
discrimination usesa loss function L(h(x);t) (where h(x) is a hypothesis) and
a regularization functional R (h), both mapping to the positive real axis. R is
usedto enforcecharacteristics of hypothesesthat we a-priori believe in, by pe-
nalizing hypothesesviolating thesecharacteristics with larger values.According
to Occam's razor (seesection 1), many regularization functionals actually pe-
nalize complicated hypotheses!. The idea is now to selecta hypothesis which
minimizes the tradeo

X
Epemp [L(N(X); )]+ R(h) = % L(h(xi);ti) + R(h); (18)
i=1
where Pemp (X;t) = n 1 P i ((x;1);(xi;t)) denotesthe empirical distribution
ofthe data D|, and is sometradeo parameter, e.g.chosenby cross-alidation.
Examplesof this framework include Support Vector and MAP Gaussianprocess
classi cation. In general,the MAP approximation to Bayesian discrimination
(seesubsection2.4) falls into this class.

For restricted Bayes optimal classi cation, Tong and Koller use a geneative
method to estimate the joint data distribution P (x;t) from the complete ob-
seneddata D|; D,. Call the estimate P(x ;t). Now, instead of minimizing (18),
they suggestto minimize

Ep[L(h(x);t)] + R(h): (19)

31However, it seemsto be frequently overlooked by some researchers criticizing the \sub jec-
tivit y* of Bayesian priors, and preferring Occam regularization, that the notion of \complex-
ity" depends very much on the task, i.e. on the prior knowledge we have about it.
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In other words, they replace the empirical loss by the expected loss under the
joint estimate P. They prove some interesting theorems, giving yet another
interpretation to maximum margin hyperplanes a generalization of which is
Support Vector classi cation (e.g. [99]). Namely, suppose we estimate P (X jt)
by Parzen Windows with Gaussiankernels,i.e. by the sum of radial Gaussians
certered on the points x; of D|, with commonwidth . For a given > 0, let
h be the hyperplanein X which attains the lowest error Epxtj )[h(x) 6 t].
This amourts to using the zem-onelossL(h(x);t) = ltnh(x)stg- Then they shov
that for ! 0, h corvergesto the maximum margin hyperplane, i.e. the one
hyperplane which classi es the data D, correctly and lies most distant from the
convex hulls of positive and negative points (in two-classclassi cation).

We can compare this framework directly with the MAP approximation to
Bayesian analysis with conditional priors. There, we employ the negative log
likelihood loss L (h(x);t) = logP(tjx;h). Standard supervised MAP classi -
cation then amounts to minimizing (19) with R(h) = logP(h), where P(h)
denotesthe prior distribution for h. Let us now assumethat we model the input
distribution P(x) by P(xj ), and that we employ conditional priors P(hj )
(seesubsection1.3.3). Then, it is easyto show that MAP within this modi ed
data generation model amourts to minimizing (19) with
z

R(h)= log P(hj )P( jDu;X)d : (20)

In others words, while restricted Bayesoptimal classi cation modi es the em-
pirical losspart in (19) basedon a generative model tted to the input data, in
MAP with conditional priors we modify the regularization functional, i.e. the
\e ectiv e" prior. Note that if the labeled dataset D, is small, we would not
expect that changingthe losspart in (19) hasa major e ect onthe nal choice,
asis somehav re ected in the experimental results reported in [94].

3.7 Transduction

Transductive inference, as opposedto inductive inferenae, is a principle which
has beenintroducedinto learning theory by Vapnik (see[97],[99]). Supposewe
are given a labeled training set D| aswell as a set of test points D,%? and we
are required to predict the labels of the test points. The traditional way is to
proposethe existenceof a latent function, linking training and test points via
marginal dependence,then infer this function (or a posterior distribution) by
induction and the latent labelsby deduction (in most casespy simple evaluation
of the function). However, Vapnik's principle is that in order to solve a problem,
oneshould not comeup with subpoblemswhich are harder than the whole, and
transduction, i.e. estimating the test labels directly from D, and D, is at least

321n the original formulation of transduction, the test points are the only additional points
we have from P( ). Later algorithms consider the more realistic case where the test set is
only a subsetof Dy.
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not harder than induction to infer the latent function. From a philosophical
viewpoint, this principle leading to transductiv e inferenceis very appealing.

Vapnik [99] goeson to try to prove PAC bounds speci cally tailored for the
transduction case.The technical details are messy but the broad ideais to view
the whole set of input points (from D, and D,) as a basic pool from which
n = jD|j points are drawn at random and without replacemern. These points
are labeled then, i.i.d. according to P (tjx). The points remaining in the pool
form D,. One now can employ conceriration inequalities on the multinomial
distribution and other common tools from Vapnik-Chervonenkis (VC) theory
to derive large deviation bounds between the empirical error on D, and the
empirical error on D,. We nd it rather dicult to comparethesebounds with
the tightest VC \induction" bounds known sofar.

From these transduction bounds, Vapnik derives an algorithmic scheme for
transduction in an attempt to transfer the notion of large margin discrimination
from supervisedlearning to the transduction case.In caseof binary classi cation
(T =1 1;+19) with linear discriminants (w;b); kwk = 1, the schemeworks as

For a discriminant (w;b), we de ne the arti cial empirical margin (ae-margin)
as

art(W;0) = max min  tj(w'x; + b): (21)
Ty i=1;:3; n+m
Let us suppose, for simplicity, that there exists a discriminant for which the
ae-marginis positive, a necessarycondition for this is that D, is linearly separa-
ble. In words, the ae-marginis the largest empirical margin the discriminant can
attain on any completion of the data D|; D,,. It is not larger than the empirical
Vapnik's transduction scheme in this caseis to choose a discriminant (w;b)
which maximizesthe ae-margin This should be comparedto Vapnik's induction
scheme,in which we choose(w ; b) to maximize the e-margin. While the e-margin
has an intuitiv e interpretation as sort of an estimator of the (true) margin (be-
ing E¢x[ty(x)], where y(x) is the discriminant, in our casey(x) = w'x + b),
with the latter obviously closely related to the generalization error, we do not
know of such a link betweenthe ae-marginand the generalization error.

Bennett et al [7] suggesta variant of Vapnik's scheme for the caseof linear
discriminants (i.e. S\ﬁM). They focus on a variant of SVM which employs
the 1-norm kwk; = j jw; j for penalization (instead of the Euclidean norm
kwk, = kwk). On purely supervisedtasks, this variant has beenfound to per-
form similarly to Vapnik's original linear SVM. In this setting, the optimization
over the discriminants and the latent labels can be computed by mixed-integer
programming. This is interesting, since a straightforward implementation of
Vapnik's transduction schemeis exponertial in m = jDj, and we know of no
e cien t realization. Howewer, even the algorithm basedon mixed-integer pro-
gramming does not scalewell with m, for example on seweral of the datasets
testedin [7], subsamplesof size50 were usedinstead of the full D . Experiments
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preseried in [7] show signi cant improvemens over using induction on D, only,
on about a third of the tasks tested. However, the experimental designis some-
what unusual, for example they choosethe usually very important scaling (or
variance) parameter C using a heuristic which dependson n + m only, instead
of adapting it to the data. In [24], the authors suggesta more e cien t variant,
using a noncorvex quadratic problem, local solutions of which can be found by
block-coordinate descen algorithms. The most substartial drawbadk is, how-
ever, that the scheme does not seemto be \k ernelizable”, i.e. the algorithm
cannot be usedtogether with a feature spacemapping. Joachims [49] presens
a greedyapproximativ e implemertation of Vapnik's transduction scheme,again
for the caseof linear discriminants (or SVM). The algorithm is not guaranteed
(or expected) to nd the true optimum and can get stuck in poor local op-
tima. However, it runs much faster than the algorithm of [7], especially if D, is
large, furthermore it can be used with nonlinear kernels. The author preseris
experiments on text classi cation tasks.

Jaakkola et al [45],[43] suggestan interesting transduction algorithm within
their minimum relative entropy (MRE) discrimination framework. Seweral au-
thors have tried to relate discriminativ e classi ers like the SVM to diagnostic
Bayesian prediction with Gaussian processesThis is problematic becausethe
lossfunction usedin Support Vector classi cation (SVC) is not a proper noise
model, it cannot be normalized (e.g. [81]). One way around this problem is to
regard SVC as an approximation to Gaussianprocessclassi cation with an un-
usual noise model. Another, probably more satisfying way is to drop the idea
that SVC is doing Bayesianinferenceat all, then try to nd a paradigm (which
is not the Bayesianone) of which SVC is a natural member. The usual derivation
of SVC via margin constraints points towards the maximum entropy (ME) prin-
ciple (e.g. [20]) which haslong beenusedin parallel to the Bayesianparadigm
to induce distributions which are in someway constrained on obsened data.
If we combine the ME principle, originating from Statistical Physics, with the
Bayesian idea of a prior, we arrive at the minimum relative entropy (MRE)
principle (e.g.[20]). The authors of [45] apply MRE to large margin discrimi-
nation and show how SVC arisesas a special case.The advantagesof this view
include that within MRE, there are (as within the Bayesian paradigm) natu-
ral ways to handle missing data. Transduction within MRE discrimination is
straightforward, exploiting the fact that latent labels do not marginalize out
contrary to the diagnostic Bayesiancasewith regularization independert of the
input distribution (seesubsection2.4). In other words, the symmetry w.r.t. the
latent labels is broken by the drive towards large margin even on points from
D.. MRE transduction resenblesdiagnostic EM, asdiscussedn subsection2.4,
and comeswith similar convergenceguaranteesto local optima. Preliminary
experimernts in [45] on a task where splice sites during DNA transcription have
to be predicted, show promising results. However, their algorithm is a trans-
duction algorithm aiming to maximize an arti cial empirical margin, therefore
builds on the sametheoretical foundation as Vapnik's scheme discussedabove.
It will beinteresting to comparetheir algorithm to diagnostic EM on Bayesian
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settings employing priors on the latent functions which are conditioned on the
input distribution. The MRE formulation makesit possibleto considerhybrids
(as has beenremarked in [45]), in which the unlabeled dataset D is split into
two subsets,one of them usedwith latent labelsin the transduction algorithm,
the other one to narrow down the prior on latent functions. We also refer to
Jebaraand Jaakkola [48] and the Conditional EM algorithm [47] for recert work
in this exciting line of researd.

3.7.1 A subjectiv e critique of SLT transductiv e inference

A discussion of the theory behind transduction in statistical learning theory
(SLT) (see[99]) is out of the scope of this paper. To be honest, we feel some-
what confusedby Vapnik's argumerts, and although much of this confusionis
probably due to our own ignorance of computational or statistical learning the-
ory, it seemsto be shared (to a certain degree)by many other people working
in the eld of the labeled-unlakeled problem. Therefore, if in the following we
put forward our uneasinessabout someaspects of SLT transduction, we might
be wrong or unfair on certain points, and we would be happy to get into dis-
cussionsabout sudh. On the other hand, we are quite certain about one thing:
if realizable SLT transduction o ers signi cant advantagesover SLT induction
(within the PAC framework usedthere, seesubsection1.3.3), and if this can be
proven theoretically, these advantages and their foundations have to be made
much more clear and transparent in publications, otherwise transduction will
probably remain academic and be regarded with doubts by the majority of
researders.

First of all, diagnostic prediction on nite data needsregularization, and the
favourite way to do this is to imposethe existenceof a latent function, then to

proposea model family (or, in SLT terms, a hypothesis class)for this function

aswell asa prior distribution which penalizescomplex functions by giving them
small volume (seesubsection1.3.2). In fact, when dealing with the problem of
howto formulize the connection betweentraining and test points, we do not see
any way to get around the assumption of a latent function and the modeling
thereof basedon prior knowledge, also SLT transduction needsto employ this
step. Now given these assumptions, the Bayesianway of inferring information

about the latent function \inductiv ely" by computing the posterior processthen
predicting the test labels \deductiv ely" by computing the predictive distribu-

tion, is exactly the sameaswhat might be called \Ba yesiantransduction”. It is
just a corveniert way to write the expectation over the predictive distribution.

Any information about the input distribution P(x), not only the test points,
can help in diagnostic Bayesian schemesif the latent function and the input

distribution (seenasrandom variables) are not a-priori independent under the
generative model, as has beendiscussedin 1.3.3. This, however, has nothing to
do with the assumption that \Bayesian transduction" is easierthan the way
over induction.
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SLT transduction comesfrom a frequentist viewpoint where induction means
picking one\b est" function, and deduction meansevaluating it at test points3.
It is possible that in this context, transduction is easierthan the way over
induction and can consisterily outperform the latter, however this might simply
be due to the fact that the latter is invalid (or at leastinaccurate) as a way of
inferencein the rst place.

Vapnik tries to motivate SLT transduction by preserting bounds speci cally

tailored for the transduction setting. While reading the formidable book [9§],
we have beenfascinated by the way Vapnik presens his results for inductiv e in-
ference.He starts from philosophical principles about the nature of learning and
induction, derives PAC bounds and complexity measuresfrom these principles
using sophisticated statistical techniques and then infers algorithmic schemes
guided by the bounds. Howewer, this way of preseriation works less well in
the transduction case.Although it is dicult to compare Vapnik's transduc-
tion bounds to the best known VC \induction" bounds**, we do not seewhy
the former should be signi cantly tighter than the latter, especially in the case
m = jDyj  n which is most important in practice. In fact, the argumert that

transduction is easierthan the way via induction, getsweakin the casem n,
and the distinction betweentransduction and induction vanishesfor m ! 1 .
Also, using information about the input distribution is expectedto be most ef-
fective if the labeled data is sparse.In this case,the transduction aswell asthe
induction bounds are usually very far from being tight, sometimeseven trivial.

Someauthors (e.g.[105) have criticized that while there is a connectionbetween
the true margin (asde ned abovein this subsection)and the generalizationerror
of a discriminant, and VC theory on supervised settings usesthis link together
with the fact that the e-margin is an estimator of the true margin, there is no
sudh motivation for the ae-margin Especially in the casem n we run the
risk that a discriminant which maximizes the ae-margin has a much smaller
e-margin (on D)) than other choices. Even worse, it is likely for large m that
no discriminant achieves positive ae-margin, evenif D, is separableby some
function in the hypothesisclass,and in this caseVapnik suggestsusing a \soft
ae-margin' variant, trading margin violations versusmargin size.Although it is
evidert that a tradeo between\b elieving the unlabeled data" and \b elieving
the labeled data" (the obsened labels are noisy quantities) has to be faced
in order to solve the labeled-unlabeled problem, we are not corvinced by the
publications preserly known to usthat this tradeo canreliably be basedon a

331t is interesting to note that one of the architectures most frequently discussed in SLT
publications, namely the Support Vector machine (SVM) , can be understood as special case
of minimum relative entropy (MRE) discrimination (seediscussion above in this subsection),
within which induction means computing a MRE distribution over functions conditioned on
the data, somewhat parallel to the Bayesian posterior distribution, and deduction is equivalent
to Bayesian prediction, but with the posterior replaced by the MRE distribution.

34To us, non-experts however, these di eren t bounds employ quite similar techniques. For
example, there exists an induction bound (see[26]) which proceedsvia a double sample, such
that the original and the \ghost" sample have very dieren t sizes. This seemsto be very close
to the situation from where a transduction bound would start.
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soft ae-margin Further researd in this direction might, however, put the (soft)
ae-marginon a basisas solid as the (soft) e-margin in supervised learning.

Finally, we note that Vapnik's transduction schemeseemsto be quite similar in
spirit to a classof estimation methods discussede.g.in [93] (end of section4.3.4).
In theseso-calledclustering methads, the labelsof the points in D, aretreated as
parametersrather than latent variables. The method then consistsof maximizing
the likelihood of D|; D, w.r.t. model parametersand labelson D. It is quite
obvious that sudch a procedure will exhibit bias and indeed this problem has
beenpointed out by se\eral authors (seecitations in [93]), in somecaseshis ML
estimator is not even asymptotically consistert. It has beenreported that the
method behavesbetter in the context of robustestimators, soonecould speculate
that it might be more suitable for large-margin discrimination. However, citing
from [93], \a basic aw in this clustering methad for parameter estimation is
the treatment of the [:::] [labelson D] asif they were parameters,rather than
treating them as missing random variables". In this sensethe approach of [45]
might exhibit lesshias than Vapnik's schemein somesituations, although this
issueclearly needsto be looked after in greater detail.

4 Related problems

In this section,we brie y discusssomeproblemsrelated to the labeled-unlabeled
task and mention somework which has beendone on these. This review is less
detailed than the onepresened in section3 and is by no meansexhaustive. The
reasonfor discussingwork on related problems is of coursethat we feel that

many ideasfrom this work might be successfullyapplied in algorithms for the
labeled-unlabeled problem.

The most trivially related problems are supervised and unsugervised learning.
We have already discussedheselarge classesn subsectionl.1. A very prominent
project for Bayesianunsupervised learning is AutoClass (see[38],[17]), it might
be usedfor a straightforward implementation of baselinemethods discussedin
subsection 2.1. We found the discussionin [86] of quartization (probably the
most important special caseof unsupervised learning) in the context of source
compressionand rate distortion theory very helpful.

4.1 Activ e learning

In (pool-based)active learning of classi cation, oneis given a pool D; of input
points sampledi.i.d. from P(x). One also has accessto an oracle, producing
t P (tjx) upon the input x, and the labels produced by dierent calls to
the oracle are conditionally independert. The goal is the sameasin supervised
classi cation (see subsection 1.1). Of course, any algorithm for the labeled-
unlabeled problem can be usedfor active learning: simply pick n points from
D; at random, label them using the oracleto form D, and collect the remaining
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points in D; to form D,. Howewer, the declared goal of active learning is to
outperform such schemes.We have the freedomto call the oracle seletively on
points from D;, therefore by focusing early on the \most informativ e" points we
might narrow down our belief in the (latent) relationship betweenx andt very
fast, i.e. by using only a small number of calls to the oracle. We remark that
someauthors have considerednon-pool-basedactive learning, in which onedoes
not have accesgo a samplefrom P(x). We focus on pool-basedactive learning
(also called query Itering ) for seweral reasons.Non-pool-basedactive learning
has no obvious connectionsto the labeled-unlabeled problem. Within the PAC
framework, it hasbeenshown that the ability to actively query for labels cannot
be of any signi cant advantage if one does not have accessto a sample from
P (x). Furthermore, in practice, it might be unexpectedly di cult to produce
a samplefrom P (tjx) if P(x) is very small®®>. All these points are discussedin
detail in [30], section 1.

MacKay [55] discussesBayesian active learning for multi-layer perceptrons.
Cohn et al [18] intro ducethe generalproblem, then focus on joint density mod-
elsof the kind discussedn [35] (seealso[38] and subsection2.2). A very general
query ltering algorithm is query by committee (QBC) (see[84], also[3(]), which
has already beenmentioned in subsection3.2. QBC is sequettial in nature, i.e.
the pool hasthe character of a stream. For ead incoming x, one hasto decide
either to label it and placeit in Dy, or to discardit. In the latter casex may not
be usedagain at a later time. Similar to most sequettial learning (or Itering)

algorithms, QBC maintains and updates a belief in (i.e. a distribution over) the
latent function conditioned on the data seenso far, this belief can be seenas
approximation to the optimal belief, namely the Bayesianposterior distribution.

QBC judges\informativ eness"of an example x by the (expected) amount of
variance which would be removed in the belief if we conditioned it on x and
its label. This can be estimated by sampling a committee of discriminants from
the current belief, evaluating the predictions on x for all committee members
and compute somemeasureof disagreemem betweenthese predictions. For ex-
ample, if the committee consistsof only two discriminants, we could employ a
symmetrized variant of the relative ertropy betweenthe predictiv e distributions
of the discriminants. It is then a matter of algorithmic designtaste to derive a
criterion for \use or discard", basedon this measure,e.g. a threshold criterion
with the threshold being annealedover time. The algorithm is stopped wheneer
it discardsa certain (large) number of points in a row (under a small threshold).

We can speculateabout how to useactive learning ideasin the labeled-unlabeled
problem context. For example,in subsection2.1, we suggestedstarting with an
unsupervised learning technique, then somehav \inject" the labeled points. It
might be advantageousto inject the points in D, in an ordering suggestedby
active learning \informativ eness"criteria.

35Suppose you use a human expert to label images supposed to represent hand-written
digits. For an  with very small P( ), the true P(tj ) might have rather low entropy (w.r.t.
t), but the bitmap is most probably a mess of pixels which the expert will not be able to
asscriate with any of the digits.
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4.2 Coaching. Learning how to learn

The coaching problem is analyzedin [89]. The goalis to infer the probabilistic
relationship x 7! t, for exampleto estimate the regressionE; p (jx)[t]. Suppose
we have a third variable z, and the three variables are distributed according
to the unknown law P (x;t; z). We are given a complete i.i.d. sampleD, from
this law, but since examplesof z are assumedto be dicult or expensiwe to
collect, we are forced to predict t from x alonein the future. A trivial approach
towards coading would be to discard the examplesfrom z entirely and to
employ a standard supervisedalgorithm. The authors of [89] askif and how one
can do better, using the knowledge contained in the z examples.They call z
a coaching variable, by its potential ability to coad the estimation of x 7! t.
First of all, it is clearthat the z samplecannot help if t and z are conditionally
independert given x . Otherwise, z contains information about t given x, and
the nature of this obsenation can be learned from the common sample.

Tibshirani and Hinton proposetwo di erent coading schemes.Mixtur e coaching
builds upon the represenation
z

P(tjx) = P(tjx;z)P(zjx)dz: (22)

Now, if t and z are dependert given x, P(tjx;z) will be quite dierent for
di erent valuesof z. Thereforeit seemseasonableto try to learn a partitioning

of z-spaceand to t experts locally to the regressionon ead partition. We
furthermore needto learn the conditional distributions over the z partition

given x. The algorithm suggestedby the authors is essetially a mixture of
experts (see[51]) wherethe choice of expert is obserggd on the training set. The
other scheme,respnse coaching, builds on P(tjx) = P(t; zjx) dz. The ideais
to train a model to jointly predict t and z givenx. A corvient way to achievethis
is to usea classof factorized modelsP (t; zjx; )= P(tjx; o; 1)P(zjx; o; 2).
The conditional dependenceof t and z is represerted by the shard parameter
vector (. An examplewould be to useregressiontreesfor t and z which share
the samepartition o of x -space.The art is to choosethe commonand separate
parametersand the parameter priors (i.e. the regularization) guided by available
prior knowledgeor assumptions.

Responsecoading can be seenas a special caseof the problem of learning how
to learn or multitask learning (e.g.[74],[4], [14],[88],[62]). The relationship x 7! z
is a secondtask which is learned together with the primary onein an attempt
to employ information ow through latent, shared variables. A very general
approacdh to this problem is suggestedin [67] (the author refersto the problem
as \family discovery”). Here, the model family fP(xj )j 2 g; RP is
assumedo be a smooth, low-dimensionalmanifold embeddedin RP (this view on
model families comesfrom information geometry, seee.g.[1],[64]). The task is to
learn the prior P( ) which enforcesthis assumption, from multiple tasks. In this
work, the manifold is modeled by connectinglocally linear patchesusing kernel
smoothing. Alternativ ely, the geneative topographic mapping (GTM) (seel9],
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alsosubsection2.1), asa probabilistic generative modeling approach to manifold
learning, could be consideredin this corntext. Another promising approad, as
suggestedin [62], is to usethe multiple task data to learn a covariance kernel
for Gaussianprocess(or Support Vector) classi cation (seesubsection3.5).

The relation betweenthe labeled-unlabeled problem and the coading or learn-
ing how to learn problem is not a strong one. In multitask learning, of which
coading is a special case,we try to grasp information which is shared, on a
low level, betweenthe tasks, this can be seenas prior learning in a hierarchical
Bayesian setting (e.g. [4],[67]). We have already pointed out that we think that
prior knowledge,whether available through human insight or learnedfrom other
sources,is crucial for solutions to the labeled-unlabeled problem, and learning
priors by combining related tasks might be usefulin this context. We comeback
to learning how to learn in subsection4.3, when we relate it to another method
for prior learning.

4.3 Transfer of knowledge learned from a related task

Learning how to learn (as discussedn subsection4.2) is a (largely) data-driven
way to learn prior distributions for a task. The assumptionis that related tasks
share a common (low-level) basis. Therefore, given related tasks, among them
the onewe arereally interestedin, we might gain information about this common
basisby learning to solve them all together, using models which share parame-
ters at a low level, together with a well-chosenregularization which forcesthe
learning algorithm to make use of these shared parameters e ectiv ely. We can
then employ this information as prior knowledgefor the primary task.

Another approach to prior learning employs a lot more human insight into
the nature of the primary task. This insight is used to choose a conveniert
represeration to encade the prior knowledge,and to selectrelated tasks which
we believe sharemuch in their nature with the primary task, sothat the same
represertation of prior knowledge applies. Given this structure, it is usually
easyto learn the free parametersin the represeration from related tasks and
then simply plug them into an architecture for the primary one. A concrete
example for a handwritten signs recognition task is given in [61]. There, the
generative assumption is that an obsenation is created by mapping a (latent)
referenceimage by a (latent) transformation, and ead classhasa small number
of referenceimages.Given a large number of obsenations from the sameclass,
it is possibleto learn good referenceimagesin a MAP fashion, the authors use
a simple hillclim bing approac for multiple alignment they call congeling. It is
alsopossibleto learn a (posterior) distribution over transformations, conditioned
on the class,by applying techniqueslik e kernel smoothing. The authors usethis
distribution as prior over transformations when dealing with another classfor
which only very few examplesare available. For example, if only one example
of the new classis available, they take this example as a referenceimage for
the class,then create an arti cial datasetby sampling transformations from the
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(learned) prior and applying them to the referenceimage.

A motivation for learning priors in the context of the labeled-unlabeled problem
has already been given in subsection 4.2. For the methods discussedin the
presert subsection,we needa large labeleddatasetfor a related task. The reason
for this is that our goalis to learn priors which are very strong in the following
sense.In the example above, even transformations which deform the image
signi cantly have a chanceto get a high a-priori weight, if they are supported
by the data. Learning a good represenation of a classfrom a single exampleis
possibleonly if such strong invariance knowledgeis available.

5 Caveats and tradeo s

In this section we discusssomeissueswe think are important to be addressed
when dealing with the labeled-unlabeled problem. Most of them have popped
up frequertly in the text above, and we use this sectionto collect and relate
them. They include somemore or lessobvious caveats aswell astradeo s that

have to be faced. We think that much more insight into these issuesneed to

be gained, probably on model tasks. Sud insight may have a big payo for

algorithms dealing with the problem.

5.1 Labels as missing data

Formally, we cantreat labelson points from D, in the labeled-unlabeledproblem
as missing data. If we compare these to other kinds of missing data, such as
missing or uncertain attribute values,we nd very important di erences. First

of all, while missing attribute valuesare more or lessa nuisancewhich should
be marginalized out becauseof lack of information in the data, labels are the
essentialtarget Our whole job is to predict the labels, while nuisanceattributes

are never the target for prediction. Second,if we talk about a missing attribute,

we usually mean an attribute which is missing or uncertain only in a rather
small fraction of the examplesin the dataset. If an attribute is missingin the
large majorit y of examples,one should really considernot to include it at all in
the represenation of examples,thereby making the model building task easier
and the learning processeasierto cortrol (seediscussionof IMAX in subsection
3.3). However, in interesting instancesof the labeled-unlabeled problem we have
that a lot more labels are missing than given.

The special character of a label as latent variable raisesthe question of how
to value the information provided by labels, as compared to the information
provided by an input point. Any sensiblevaluation will of coursedepend on the
current belief in the unknown relationship P(x;t). For example, Castelli and
Cover ([15], seealso subsection3.1) show that if we know all the classdistribu-
tions P (xjt), labelshave \exp onertial value" (w.r.t. reducingthe generalization
error towards the Bayes error), but such a concrete belief can usually not be
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gained in practice. Supposeour goal would be to learn a (soft) partitioning of
X (into a reasonablysmall number of clusters) such that with high probability
none of the clusters is cut by a class boundary. Clearly, this is only slightly
easierthan solving the labeled-unlabeled problem. We could apply an unsuper-
vised technique to this problem, training on D only, and one could argue that
in this context the role of labels (i.e. of D)) is to point out possible awsin the
preser (soft) partitioning. In this context, a label can only be valued in con-
junction with other labels, and if unlabeled and labeled data suggestdi erent
partitionings in alocal area, we haveto nd a way to conciliate betweenthem.

The questionabout how to value labeleddata against (abundant) unlabeleddata
is far from being well understood. For example, we could derive a smoothed-
out estimate of P(tjx) from D, alone which would at least capture some of
the label information, then treat this estimate (or belief) as one basic \unit"
of information to be injected into unsupervised clustering. On the other hand,
we could value ead elemert from D, on its own, conditioned on our belief
about P (x;t) gainedso far. The latter approad is clearly much more exible,
but also more \slipp ery". If we assaiate a high value with elemens from D,
which changeour belief in the relationship most drastically, we run the risk of
not being robust to outliers and classi cation noise.If we prefer suc elemens
from D, which are most compatible with our belief sofar, we may not be able to
correct major inaccuraciesin our belief, simply becausewe do not trust the label
information which can help us to do so. This is a tradeo betweenrobustness
and information gain.

We face a similar tradeo if we start from training on the labeled data, then
inject points from D together with pseudo-latels. If we inject a point whose
label is con dently predicted using the current belief, the injection does not
provide much new information and will therefore not lead to more than a minor
changein the belief. The operation may be consideredrobust On the other hand,
injecting a point whose label is quite uncertain (but not completely random)
giventhe current belief, leadsto a phasein the learning processin which two (or
more) quite dierent alternativ esare tested against eac other, this phasehas
the potential to changethe belief signi cantly, but the risk of a wrong update is
higher. However, the operation might result in a much higher information gain.

5.2 Diagnostic versus generativ e metho ds

Suppose we use model classesf P(xjt; )g which are faithful for the problem
at hand, i.e. the class-conditional distributions are indeed members of these
classeswith latent . Furthermore assumethat in the limit of jDy,j=m! 1,
the class-conditional distributions can be identied using D, only, this is the
assumptionmadeby Castelli and Cover [15]. In this case,we can always employ
a generative architecture usingthe faithful model classestogether with standard
EM or oneof its variants (seesubsection2.2.1) to circumvert poor local maxima
of the likelihood. However, this approac can exhibit sewere drawbacks when
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applied to non-toy problems. To be faithful, the model classedogether with the
regularization (given by P( )) would have to be very broad, and the posterior
belief would narrow down su cien tly only for very large m. We might not have
a large enough D, available, and even if unlabeled data is abundart, the cost
of dealing with large D, and searding through broad model classes(for the
MAP solution) might be much higher than we can tolerate. In order to be able
to make the method work e cien tly, we might have to narrow down the model
classesand/or tighten the regularization, in which casewe risk to run into seere
robustnesgproblems. Namely, if the true relation P (x;t) is far from what we a-
priori believe to be possible,our method might t a simple structure supported
aswell by the priors as by the abundant unlabeled data, which however is likely
to be quite di erent from P(x;1).

Diagnostic methods model P (tjx) directly, without wasting resourceson model-
ing the classdistributions. While generativemethodsalso t an\induced" model
to P(tjx), derived from the classmodels via Bayes' formula, this model comes
with heavy requiremerts towards resourceslike training data and computing
time, and often many of these resourcesare wasted on training aspects of the
classmodelswhich do not a ect the \induced" model signi cantly. However, di-

agnostic methods neglectinformation about P (x) and focus on maximizing the
conditional likelihood of the (labeled) data, which might be harmful if D, is small.
This distinction betweengenerative and diagnostic methods can be made clear
by comparing the diagnostic mixtur e-of-experts architecture (see[51]) againstan
extension of the generative method proposedin [60], as discussedin subsection
2.3. We make use of the terminology de ned there. Both methods make use of
the divide-and-cnquer principle, in that they construct a soft partitioning of
the input spaceX and t experts which estimate P (tjx) locally. The diagnostic
architecture achievesa soft partitioning of X using a gating network® which is a
diagnostic model of P (kjx ), and the whole architecture (i.e. experts and gating

network) is trained to maximize the conditional likelihood of the data. There-
fore, the architecture will divide up its resources(here: the \simple" experts,

being logistic regressionmodelsfor P (tjx)) to achieve a good discrimination of
the data. For example, we would expect the gating network to \p osition" the
experts along the true decisionboundariesbetweenclassessothat if the experts
locally t the boundary well, the total mixture givesa decen estimate of P (tjx)

glokally. On the other hand, if m n, the generative architecture partitions

X largely by tting a mixture to P(x). If the componert models P (xjk; ) are
unimodal (e.g. Gaussian),most of them will t clustersin D,. This meansthat

the architecture tends to position the experts in the middle of such clusters,
generally far from the decision boundaries between classes.It can be argued
that this positioning is not a very good divide-and-conquer strategy towards
improved discrimination .

By using regularization depending on the input distribution (see subsection
1.3.3), we can in principle make use of unlabeled data in diagnostic architec-

360r a hierarchy of such, in caseof the more powerful hierarchical mixtur e-of-experts, see
[51].
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tures. This invariably requiresthat we model the input distribution P(x), there-
fore apart from the dicult task to construct sensibleconditional priors for
(notation from subsection1.3.3) basedon prior knowledge,we alsofacea trade-
o of how to distribute resourcesbetweentraining the diagnostic models and
the modelsfor P (x). Furthermore, when constructing the conditional priors, we
can enforceprior assumptionsto various degreesof strength, and this inducesa
weighting of information from D, against such from D, in the nal prediction.
Again, we face a tradeo between robustness(weak a-priori in uence of P(x)
on the belief in ) and information gain from D (strong a-priori in uence of
P(x) on the beliefin ).

5.3 The sampling assumption

The generative assumption for D; D is detailed in subsection1.2. It is equiv-
alent to the one usedin the context of transduction (see subsection3.7). First
samplen + m points i.i.d. from P(x). Then, pick n points from this pool at
random and without replacemer, label these points and put them in D,. The
remaining pool becomesD .

While this assumption is ful lled or at least reasonablefor many real-world
tasks, we note that it might be violated in certain settings. For example,in situ-
ations where labeled data is sparsebecausethe processof labeling input points
is very expensiwe, it is often not reasonableto assumethat the input points to be
labeledin the end (to form D)) are picked at random from a large pool. Often,
they are seleted to be somewhat representative where \representativ eness"is
judged using uly de ned measuresbasedon insight into the problem.

In somecasesit may be possibleto incorporate the selection processinto the
generative model. In most situations, however, we will stick with the standard
i.i.d. generative assumptioneven at the risk of ignoring a bias in the sampleD;.
We can try to usevaluation rules (seesubsection5.1) in order to alleviate this
bias. For example, if we knew characteristics of the selectionprocessfor D, we
could apply them to resampleD, i.e. inject more represertativ e points earlier.

6 Conclusions

With respect to some key aspects, the labeled-unlabeled problem lies in the
middle between well-founded areas. The problem itself is situated somewhere
betweenunsupervised and supervised learning. It is our opinion that prior knowl-
edgeis crucial for alabeled-unlabeledmethod, but the rolesof prior knowledgein
unsupervised and supervised learning are very di erent, asdiscussedin subsec-
tion 1.2. Supervisedlearning can be quite robust againstfalseor inaccurate prior
knowledge,whereassolutions delivered by unsupervised methods very much de-
pend on the encaled prior knowledge. In the labeled-unlabeled problem, we
expect robustnessto a certain degree,although the sparsenesof D, and the



6 CONCLUSIONS 56

abundance of unlabeled data makes usageof unsupervised techniques almost
obligatory.

There are two basic paradigms for supervised learning, the diagnostic and the
sampling one (seesubsection1.3). The signi cances of these paradigms for the
labeled-unlakeled problem have been discussedin subsection5.2. In order to
make use of unlabeled data in diagnostic methods, input-dependen regulariza-
tion and therefore, to a certain degree,modeling of (aspectsof) the input distri-
bution is necessary(seesubsection1.3.3). Again, we think it is most promising
to combine methods from the diagnostic and the sampling paradigm, i.e. to em-
ploy both diagnostic and generative model families in one architecture, in order
to attack the labeled-unlabeled problem.

We think that the role of the classlabel as latent variable is a very special
and intricate one (seesubsection5.1), and therefore in generalwe cannot treat
the labeled-unlabeled problem in the sameway as other common problems of
missing or uncertain data. We believe that prior knowledge is of certral im-
portance, although the role it plays for a method might strongly vary between
solutions (and tasks). Although powerful ways to encade prior knowledge have
been proposedin the context of unsupervised learning, geruinely new \in ter-
faces" towards supervised methods have to be found, either to \inject" label
information into an unsupervised setting, or to adapt the distance of a super-
vised method using information about the input distribution, or to do some-
thing \in between". Also, methods of learning priors (seesubsections4.2 and
4.3) and ideas of using redundarnt represenations of examples,suc that the
kind of redundancy is strongly linked to classidentity (seesubsection3.3), may
be applicable successfully
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